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This study points out to a contradiction between increasing returns to scale assumption and steady-state or long-

run equilibrium or balanced growth analysis in models of endogenous growth. The paper reminds the necessity

of the constant returns to scale assumption in models of economic growth, with special reference to models of

endogenous growth, which are based on steady-state or long-run equilibrium or balanced growth. While

analyzing balanced growth, some models of endogenous growth are based on increasing returns to scale but
some others are based on constant returns to scale. The arguments in the present paper are simply explained by

the some of the original texts on the debate. This study points out that assumption of constant returns to scale is

compatible with the steady-state or long-run equilibrium or balanced growth, rather than increasing returns to

scale. The paper emphasizes an important and neglected problem in endogenous growth.
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1. Introduction

Models of endogenous growth explain long-run rate of growth and technological progress endogenously. Some

models of endogenous growth explain endogenous growth based on increasing returns to scale (for instance;

[14,18]) while some of them assume constant returns to scale (for instance; [2,16]). However, this study is based

on the idea that the assumption of constant returns to scale is compatible with the long-run equilibrium, rather

than increasing returns to scale.
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This study attempts to put this contradiction briefly, based on [14,18,2]. Note that our analysis is constrained
with the analysis of [14,18,2].

The study is organized as follows. Section 2 discusses the main problem of the study. Specifically, Section 2
discusses returns to scale and steady-state in models of endogenous growth with special reference to [14,18] and

[2]. Section 3 concludes the study.
2. Main Problem

Constant returns to scale occur if doubling of the all inputs leads to the same proportional increase in the output.
Increasing returns to scale occur if doubling of the all inputs leads to a more than proportional increase in the
output. Thus, as the first result, if there are constant returns to scale then all variables will grow at same rate. If
all variables are growing, then, by definition, economy cannot be in short-run, economy should be in long-run.

Thus, as the second result, if there are constant returns to scale there is long-run equilibrium.

As a consequence, the two results simply show that if there are constant returns to scale there will be steady-
state, if there are increasing returns to scale there will be off-steady-state. It should be emphasized that, returns
to scale definition above is the ‘proportional definition’. There is another definition, namely, ‘marginal
definition’. One may refer to [12] for a discussion on the contradiction between proportional and marginal

definitions.

[10: 14-15] points out relationship between constant returns to scale and steady-state: “Now relative prices can
remain constant over time, even though quantities are varying, provided, first, that there is CRS [constant
returns to scale] and, second, that the ratios between quantities produced and quantities absorbed in producing
them remain constant over time; so the economy is in what had been called a steady-state.”

In contrast, according to [9], steady-state is possible if there are increasing returns to scale: “So long as the
tendency to increasing returns to scale is not so powerful as to cause increasing social returns to capital by itself,
steady growth is possible, with Y growing at the same rate as K...” [9: 833]. [9] define a production function
suchas vy = A(e"“KaLlfa)ﬂ where Y, A, K and L are output, level of technology, capital and labor, respectively.

o and y are parameters where O0<a <1 and x4 >1. Then “if g, the rate of growth of Y, equals the rate of

growth of K we have (n rate of population growth)

g= I mu_ | n[1+ 1” -1 j ” [9: 833]. Note that, simply, by definition, if inputs (labor and capital) grow at same
—ou —ou

rate (say n), rate of growth of Y will be g = 1 mu_ n(1+ 1’“ -1 J but rate of growth of K can not be the same,
—ou —ou

since, again by definition, labor and capital grow at same rate, n. Thus, capital-output ratio will not be constant,

so, there will be off-steady-state.
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[11] defines Arrow type models and points out [13] which assumes increasing returns to scale. According to
[11: 99], [13] shows the existence of a steady growth path. However, [13] does not explicitly analyze steady-
state or balanced or equilibrium growth. [13], following Arrow, assumes only ‘exponential growth’. [13]

assumes an Arrow type of technical progress for a general type of production function and shows capital and

output grow at common rate: %
1-n

where & is growth rate of labor, nis an elasticity parameter for ‘cumulative gross investment’ or capital, and
0<n<1. Although capital and output grow at common rate, according to [13] there are also increasing returns
to scale: “If we multiply our cumulated investment by 4, and our labor force by 4" we multiply production
by 4. If we also multiply the labor force by A, production will therefore be multiplied by more than 1 .” [13:
120] Note that, simply, if production is multiplied by more than A while capital grows by rate of 1, capital-

output ratio will not be constant, so there will be off-steady-state.

On the other hand, there is also a concept called ‘balanced growth’. [20: 412] define balanced growth as “a state
of affairs in which the output of each commaodity increases (or decreases) by a constant percentage per unit of
time, the mutual proportions in which commaodities are produced remaining constant.” [21], which explains
endogenous growth using a multi-sector nonlinear dynamic input—output model, defines balanced growth path
as “prices — but not quantities — are assumed constant over time” (223). It should be emphasized that balanced
growth definition given by [21] is almost same with the quotation of [10] about constant returns to scale. Note

that [21: 235] also assumes constant returns to scale.

Besides, there are also some studies on the existence of equilibrium in an economy with linear constant and also
nonlinear constant returns to scale. As an example, [6: 79-96] makes an analysis in order to find equilibrium in
an economy with linear constant returns to scale production activities. Apart from linear constant returns to scale
production, [8] generalize approach of [6] and show that there is an equilibrium in an economy with nonlinear

constant returns to scale production.

Moreover, there are studies which attempt to relax assumption of constant returns to scale. As an example, [4:
369] defines “an asymptotic equilibrium in which neither relative factor share goes to zero under marginal
product factor pricing”, namely, ‘well-behaved equilibrium’. [4: 369] claims that “when returns to scale are
non-constant (but still homogeneous), unit elasticity of substitution as well as Harrod neutrality is necessary for
a well-behaved equilibrium”. [5] shows that how the ‘technical change frontier’ may be used to relax
assumption of constant returns to scale. Another study, [15: 171] states that property of homogeneity “may be
interpreted economically as the assumption of constant returns to scale, implies that there is a constant growth
rate on the balanced growth path.” However [15: 171] does not assume “homogeneity, so that the growth rate
along the balanced growth path may fluctuate”. The idea in [15: 171] is based on the fact that “national
economies move on or near a balanced growth path”. Thus according to [15] balanced growth is somewhat

different from steady-state.

Interestingly, according to [19: 48] neoclassical “model can get along perfectly well without constant returns to
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scale” and “it is not essential to the working of the model nor even overwhelmingly useful in an age of cheap
computer simulation.” [19: 48] states that “the assumption of constant returns to scale is a considerable
simplification, both because it saves a dimension by allowing the whole analysis to be conducted in terms of

ratios and because it permits the further simplification that the basic market-form is competitive.”

[14: 9] constructs his “system’s balanced growth path: the particular solution ... such that the rates of growth of
each of these variables is constant”. Interestingly, [14: 9] says that, in parentheses, “I have never been sure
exactly what it is that is ‘balanced” along such a path, but we need a term for solutions with this constant growth

rate property and this is as good as any”.

It should be emphasized that the author is aware of the concepts namely private and social factors of production
which are important for this debate. Indeed, there are studies on endogenous growth based on private returns to
scale and social returns to scale conceptualization, investigate steady-state under increasing returns to scale (see,
for example; [1,3]). Note that, there are also studies which assume decreasing returns to scale while analyzing
endogenous growth. As an example, [7: 293] extends his basic model with contractual costs of research and
development under Stackelberg competition which assumes “each entrant is investing under (local) increasing
returns to scale, while the leader does it at a larger scale but under decreasing returns to scale.” In another
extension, he assumes that there are two types of investments and one of them is characterized by decreasing

returns to scale [7: 294]. After extensions, [7] makes applications based on steady-state solutions.

Apart from other studies, one should refer [17] in order to explain the problem. [17] makes an assumption on the

production function F(k,K,x) where k is firm-specific input, K is the sum of k for all firms (i.e. aggregate

level of knowledge in the economy) and X is the set of additional factors such as physical capital, labor, and etc.

According to [17: 1015], if all inputs grow at same rate which is equal to y >1, then output represented by
F(wk,wK,wx) will be greater than F(wk,K,yx)=wF(k,K,x), so this explains increasing returns to scale.

However, one can see that, by definition, this explanation is not valid since K is assumed to be constant by [17:
1015]. Note that, by definition, returns to scale are defined if all inputs grow at same rate. Thus, if one does not
assume that all inputs grow at a common rate, returns to scale cannot be defined. At this point [17] gives an
explanation about concavity of F . According to him, “once concavity is granted, ... assuming that F is

homogeneous of degree one as a function of k; and x; when K is held constant; any concave function can be

extended to be homogeneous of degree one by adding an additional factor to the vector x if necessary.” Thus,
explanation of [17] can be mathematically convincing but from the point of view of economics, it is not
compatible with the definition of returns to scale. On the other hand, [17] mainly deals with long-run
equilibrium rather than steady-state. [17: 1003] states that “even if all other inputs are held constant, it will not
be optimal to stop at some steady state where knowledge is constant and no new research is undertaken.” As a
consequence, [17] shows the existence of a competitive equilibrium in the long-run in the presence of
externalities, increasing returns in the production of output and decreasing returns in the production of new

knowledge.

The present study is based on the claim that steady-state occurs at balanced growth. However, as it is referred
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above, for technical reasons, some studies prefer balanced growth or long-run equilibrium rather than steady-
state. Besides, in the light of the discussion above, the present study attempts to emphasize that if there are
constant returns to scale there will be steady-state, if there are increasing returns to scale there will be off-

steady-state.
Let us now discuss the [14] and [18], respectively.
2.1. The Lucas model

[14] introduces the following production function:

Y ()= AK () “u(tn(tLE)]*n(t)” @

where Y(t), K(t), A, ult), hit) and L(t) represent output, physical capital stock, level of technology, time
devoted to production, human capital stock and labor, respectively. u(th{t)L(t) is effective labor. «, 1-a and »

are output elasticity parameters with respect to physical capital, effective labor and human capital, respectively.

According to Lucas (1988), the variable h(t) within effective labor shows internal effect of human capital stock.

The variable h(ty points out external effect of human capital stock. Equation (1) is rewritten by rate of growth:

dv ) 1 _ X t) 1t)+(1_a)(dh(t) 1 +dL(t) 1 ]Wdh(t) 1 )

dt Y(@) dt K dt h(t) dt L)

Note that (:TA and dl;i(t) are assumed to be equal to zero.
t t

According [14] physical capital stock and output grow at same rate at balanced growth path( K(t) i _dv(t) 1 j

Then equation (3) is written:

dvt(t)%:adY t)iﬂl_a)[dh(t) 1 +dL(t) 1 ]+ydh(t) 1 (3)

dt h(t) dt L)

Rearranging:

() 1 d() 1 (dv() 1 d(p) 1 . dh(t) 1 dh(t) L (4)
@ YE) L) [ @ YE Lt)]+(7a)Th7(t)+VTh7(t)

dv(t) 1 d(t) 1 =(1—a+yj[dh(t) 1 ] (5)
dt Y(@) dt L) | 1-a J| dt h()

Thus if y =0, balanced growth is compatible with constant returns to scale:
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dy(t) 1 dit) 1 oK) 1 dL) 1 _dnft) 1 (6)

dt Y({) dt L() dt K@ d LE) dt h(p)

On the contrary, if y >0, balanced growth is not compatible with constant returns to scale:

dY(t) 1 di) 1 _dk(@) 1 dLf) 1 >dh(t) 1 (7
dt Y(@) dt L() d K@ d LE)  dt h()

More importantly, since there are no constant returns to scale, there is off-steady-state.

2.2. The Romer model

[18: 89] uses following function:

Y(H a LX) = (Hy AY (LAY KE-ahpasht C))

According to equation (8), » is unit of forgone consumption to create one unit of any type of durable, K is
physical capital stock, L is population or labor, A is level of technology or a count of the number of designs.

Hy is human capital devoted to final output, x is input used by a firm that produces final output, and finally

H, is marginal product of research sector. «, g and » are output elasticity parameters.

Equation (8) is rewritten by rate of growth:

dt Y() o dt HV()

v (t) 1 o0 t 1 (+ﬂ\dA() L, dL (t) 1)+(1_a_ﬂ)dK()i tlatp 1)d n(t) 1 9)

NN & KO
[18: 89] defines physical capital stock as K =»ax. If it is written by rate of growth:

dK(t) 1 dA() 1 dx1 dp(t) 1 (10)

dt K@) dt AQ) dtx dt p()

Besides, according to [18: 79, 80] it is assumed that dl) 1 o and MO 1 o
dt L) dt Hy (1)

Then equation (9) becomes:

dt Y ()

v ) 1 ( VA () 1) tapl K(t) 1 s 1)[dK() L dA@) 1 dx1 (12)

S Alt at K()
Similar to [14], [18: 90] defines a balanced growth path, thus, along the balanced growth path x is constant, so,
dx1=0,

dt x

Note that, K / A should also be constant along the balanced growth path [18: 90]. Thus,
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anlt) 1 _, (12)

k() 1 Al) 1 (13)

i) 1 dK@) 1, (14)

As a result, [18] shows steady-state equilibrium along the balanced growth path as follows:

dK () 1 dA) 1 dv () L (15)

d KE)  dt A() dt Y ()
Thus balanced growth seems to be compatible with constant returns to scale.

According to [18] growth rate of technology (or a count of the number of designs) is written by:

dA (t)

1 (16)
dt A(t)_(SHA

where ¢ is a productivity parameter. [18] assumes H, as a constant. Thus, economy grows at a constant rate at
balanced growth. [18: 95] states that “if the research technology exhibited constant returns to scale, a doubling
of both [human capital and the stock of knowledge] the human capital and the stock of knowledge would leave

the marginal product of human capital in research unchanged.”

Note that, human capital is the scale variable in [18]. Thus, if scale variable is doubled, then capital, output and

level of technology are doubled and it will be dH(t) 1 _dcft) 1 _dA() 1 _dv(t) 1 atbalanced growth, so there
dt H(E) dt K() dt A{) dt Y()

are constant returns to scale. However, [18: 95] also states that “Under the specification used here, a doubling
of both leads to an increase in the marginal product of human capital in research. As a result, a permanent
increase in the total stock of human capital in the population leads to an increase in the ratio of A to K and a

more than proportional increase in the amount of human capital that is devoted to the research sector...”

Let’s rewrite equation (9) where H, and the ratio of A to K are not a constant (dHA(t) 1( ) >Oj and
dt Halt

dk(t) 1 ,dAl) 1 ) and under other assumptions:

o) 1 dAf) 1 7)
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By definition, if there are increasing returns to scale, doubling of the all inputs; human capital, level of
technology and capital (labor is excluded as in [18: 79, 80]) should lead to a more than proportional increase in

the output:

dH{t) 1 dAt) 1 dK() 1 o {t) 1 (18)
dt H{) dt A() dt K@) dt Y()

However, according to [18: 95] a doubling of human capital and the stock of knowledge

HE) 1 ) 1 (19)

K@) 1 dAl) 1 . (20)

Thus, equations (17) and (19) and statement (20) show a contradiction as in statement (21):

dHt) 1 _dA() 1 dK(t) 1 <dY(t) 1 _dA(D) 1 (21)
dt H{) dt AQ) dt K() dt Y() dt A(Y)

As a consequence, it should be emphasized that if there is a balanced growth path, this path exists in the long-
run, so in the conditions of constant returns to scale. Thus, if the economy is stable or moving to the long-run
equilibrium, then, there cannot be increasing returns to scale. The equilibrium solution in [18] is simply for the

long-run and shows where dH(t) 1 _dkt) 1 dv() 1 dA() I . However, increasing returns to scale occurs if

dt H(E) dt K(E) dt Y() dt Af)

dHt) 1 _dk() 1 _dAf) 1 _dv() 1 and this is not compatible with balanced growth. Moreover, even if one
dt H{E) dt K@) dt Af) dt Y()

assumes increasing returns, statement (21) shows that there is a contradiction.

Let us now discuss the [2] which assumes constant returns to scale in order to explain endogenous growth. It
should be emphasized that [16: 501] also assumes constant returns to scale while explaining endogenous growth

but the present study does not explain it.

2.3. The Barro model

[2: 106-107], uses the following production function which assumes constant returns to scale:

y(t)= Ak(t) gt} (22)
where y is output per worker, A is constant net marginal product of capital, k is (private) capital per worker,

g is per capita quantity of government purchases of goods and services or government expenditure per labor. «
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is output elasticity parameter with respect to private capital stock.

[2] assumes balanced budget conditions. Government revenue [r(1)] can be written as:

T(t)=ny(t) (23)
where 7 is tax rate.

Since there is balanced budget, then government expenditures should be equal to government revenue:

9(t)=(t) (24)

KO _ 1 r)y(0)-oft)- 0+ oK) -

where ¢ is consumption per person, § and n represent depreciation rate and growth rate of population,

respectively.

Consumption per person is equal to:

oft)= (- 7)y(t)-s(-7)y(t) (26)
where s is saving rate.

Using equations (26), (25) and (22), equation (27) can be written:
%t) — sl1- AR g — (0 + SK() (27)
Since g(t)=ny(t) and y()= Ak(t)* gt} » €quation (28) will be as follows:

11 (28)

glt)=7=Ack(t)
Using equations (28) and (27) the following can be written:

*)_q- Kty & AT —(0+ SK() (29)

Hence if 7 =0 then equation (30) shows the investment equation of the Solow model, so there will not be

endogenous growth:
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%ﬁt) =sy(t) - (n+Sk(t) (30)

However, if o<z <1, economy will grow at same and positive rate; i.e. there will be endogenous growth. Since

La 1

si-7)r « A« >(n+s) at steady state economy will grow at same positive rate:

la 1
a

dot) 1 _dk(t) 1 _dyt) 1 A —(n+6) (31)

TW_T@_ ot W:S(l_”)ﬂ

As a consequence, under constant returns to scale assumption, equation (31) shows that positive long-run rate of
growth is endogenous. Thus, [2] explains endogenous growth assuming constant returns to scale in order to be

compatible with steady-state conditions.
3. Conclusion

The aim of this study is to show that there is a contradiction in models of endogenous growth which assume
increasing returns to scale and long-run equilibrium or balanced growth. It is shown that, although long-run is
compatible with constant returns to scale rather than increasing returns to scale, [14] and [18] explain long-run
growth based of increasing returns to scale. On the other hand, positive long-run rate of growth can also
explained endogenously based on constant returns to scale as it is explained by [2] and [16]. This study suggests
that one should take into account this contradiction while investigating long-run equilibrium or balanced growth.
As a consequence, this paper recommends that making an economic analysis on endogenous growth theory

should be consistent with concepts of economics.
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