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Abstract

In this paper cylindrically symmetric Marder type spacetimes are classified according to their proper homothetic
vector fields. For the purpose, direct integration and algebraic techniques are used. After thorough investigation,
the whole problem is divided into three main cases. Each one of these cases is further reduced into sub cases. It
turns out that only in five sub cases proper homothetic vector field exists while the remaining sub cases give
contradiction or there exist only Killing vector fields.

Keywords: proper homothetic vector fields; direct integration technique; Lie algebra.
1. Introduction

Symmetries in general relativity are vector fields which preserve some geometrical object on spacetimes. There
are many kinds of symmetries that give information about spacetimes.
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Symmetries are useful to find the solution of Einstein Field equation. Einstein’s Field equations are given as

872G
R —ERgCd + AQ =C—2TCd where R, is Ricci tensor, R is Ricci scalar, g, is the metric of

spacetime, A is the cosmological constant, c is the speed of light, T, is energy momentum tensor, and G is

1
the gravitational constant. Also R, — > Rg,4 =G, is called the Einstein tensor [1, 5, 8].

Our purpose is to investigate proper homothetic symmetry in Marder type space-times by using direct

integration  techniques [4]. Here throughout M is a four dimensional manifold and

V. V.t" -V V. t° =—R> t°, where R’_ is the Riemann curvature tensor. The Lie derivative is denoted

by L [5, 19]. Round and square brackets represent the symmetrization and skew- symmetrization respectively

[2]. For any vector field Y on a manifold M we have

1

Xaip =5 K + My

“’ (1.1)

where K, =K, is symmetric tensor and M, =-M ,

Q

is skew-symmetric tensor [3, 6]. The covariant

derivative is denoted by a semicolon. A vector field Y on M is a solution of homothety equation

IY_g',Jlb =K, =2¢9,,, ¢ € R [5, 7] and we can write

gab,cYC + gch,; + gcaY,; = Z@abv (a’ b’C = 0!1! 2!3) (1 2)

The partial derivative is denoted by a comma. If ¢ = O then vector field Y is proper homothetic vector field

otherwise Killing vector field [5, 9, 10, 11].
2. Main Results

The Marder type space- time with line element is [9-19]
ds® = —A?(t)dt® + A*(t)dx? + B*(t)dy® + C?(t)dz? , where A(t), B(t)and C(t) are no where zero

functions. Using equation (1.2) we get following ten partial differential equations.

%X°+X’%:¢ (2.1)
Xo—Xi=0 (2.2)
BZX%—A*X% =0 (2.3)
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C2X5—-A*X5=0 (2.4)
%X°+x}1:¢ (2.5)
BZXI+A*X%, =0 (2.6)
C2X3+A’X5 =0 (2.7)
%x°+x§:¢ (2.8)
C?X5+B*X%=0 (2.9)
%x°+x;:¢ (2.10)

Using equations (2.1) to (2.10) with some calculation we get following system

X =[x y)+ Lt x 2)]dx+ L (t,y, 2)
Xt =L3(t,x,y) + L*(t, %, 2)
X2 =Lt x, y)+ L2(t,y,2)

A2
X3 = _FJ'L‘; (t,x,2)dx + L°(t, y, 2)
(2.11)
Now substituting the above system in equation (2.5) and differentiating w. r. t. y and z, we get
A L?/z (t,y,z) =0. There are three possibilities

Case (1). A" # 0 and L5yZ (t,y,z2)=0 Case (2). A" =0and LE;Z (t,y,z)#0

Case (3). A" =0and L, (t,y,2) =0
We have solved all the three possibilities in turn and it comes out that in Cases (1) and (2) Marder type

spacetime does not admit proper homothetic vector fields. Only in Case (3) we get some results for different

choices of the metric functions. These results are listed below:

Case 3 (a): After calculation with (2.9) we get solution of the above ten partial differential equations as
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0 1 2
X" =gt +Cypg, X" =¢x+Cyp2, X =(p—Cag5)Y —C441Z +Cyg2

; (2.13)
X =Cyq1Y + (4 —Cyg5)Z+Cy79

c

485

Whereas A = C,q, B =C =Cygg (& +Cspg) # " Therefore Marder type space time becomes

C
D s
ds? = —C3gsdt? + Cog5dX? + Cogg (#t +Cagg) ¢ (dy? +dz?) (2.14)

Case 3(b): In this case we get the solution of homothetic equations as follows:

1 2
X0 =gt+cogg, X' =gx+Cpep, X =@—%%W+%&,X3=@—%%ﬂ+%m}
(2.16)

Cags Cas3

Where as A= C,oc, B =Cpae(ft+Cpeq) ? , C=Cpeu(ft+Cyu5) ? . Therefore given space- time becomes

C C
2 485 2 483

ds” = —Cosdt® + CoosdX” + Clog (H +Cyeg) ¥ Ay + o (4 +Cep) ¢ dZ°

(2.17)
Case 3(c): In this case solution of equations (2.1) to (2.10) is
x0 = x!=
=t +Cs11, = X +C450Z + C513,
2 3 C595
X*=—Coiay+H +C519, X7 =—Cy50 5~ X+¢Z+C509
Cs01
(2.22)

Cs14

Where as A =Cyy, B=Cgq (ft+Cyyy ¢ ,C=Cyy . Therefore given space time becomes

20514
2 2 2 2 2 2 2 2 2

ds® = —CJesdt” + C3os0X* + Coyg (P +Csyy) # dy® +Cgpydz

(2.23)
Case 3(d): in this case after lengthy calculation we get solution as

0 1 ngo 2 3
X" =¢t+Co73, X*=¢x—Co5g—=Y+Cs69, X =CooeX+H+Coga, X =(f—C576)Z+Cs74
€295
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(2.25)
Cet6
Where as A = Cpg, B = Cspy,C = Cypy (d +Cy5) ? . Given spacetime becomes
2(:5776
2 2 442 2 2 2 2 2 2
dS® = —Chesdt” + CesUX” + Cgpody” + Cgry (Bt + Cop3) 7 dZ
(2.26)

3. Conclusions

In this paper we classified Marder type spacetimes according to its homothetic vector fields. After examining all
possibilities we found four cases where proper homothetic vector field exists which is shown in systems (2.13),
(2.16), (2.22) and (2.25) where as their respective spacetime metrics are given in (2.14), (2.17), (2.23) and
(2.26). It is shown that Marder type spacetimes admit eight, seven or six linearly independent homothetic vector
fields and in which only one is proper homothetic vector field. Therefore the generators and their Lie algebras

for each case are given as under:

For solution (2.13) Xl=t£+x£+ yi+zi . X, :Q , X3:i » Xy =—yi—zi,
ot OX oy oz ot OX oy oz
0 0 0 0 . :
X :_ZE’XG :E’X7 = yg,x8 =§.The Lie algebra is [ X, X, ] ==X, ,[X,, X,;]=—X,,

[Xl’x6]:_x6 ) [lexs]:_xs ) [X4'X6]:Xe :[XS’XS] , [X4’X8]:X8:[X6’X7] ,
[Xs, X;1=-2X; +yX, [X,, X,;]=0, otherwise

For solution (2.16) X, =tg+ Xi+ y£+ Zi , X, 22 , Xy :i Xy :_yi , X Zi’

ot ox oy oz ot OX oy oy

X :—zag, X, :a2 The Lie algebra is [X,, X,]==X, ,[X,, X;]=-X5,[X;, Xs]=-X5,
Z z

[Xy, X, 1= =X, [X,, Xs]= X5,[Xg, X, 1= =X [X,,, X ;]1=0, otherwise.

For solution (2.22) generators are X, =tﬁ+ x£+ y£+ zi . X, zg,X3 = ZE,X4 :i,

ot OX oy 0z ot OX OX

X5=—yi : X6=£ , X7:—X£ : X8:i . The Lie algebra is [X,,X,]=-X, ,
oy oy 0z oz

[X11x4]=_x4=[x3vxs] ) [xl,xs]z_xe ) [Xl,X8]=—X8=[X4,X7] )

[X5, X, 1=-2Xg + XX ,.[ X5, Xg]1= X [X,, X ,;]=0, otherwise.
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For solution (2.25) X, =t£+ xi+ yi+ z2 , X, :ﬁ , Xy :—yi, X, :i, X =X—,

ot OX oy oz ot OX OX oy

X _9 X, :—zi , X 9 The Lie algebra is  [X,, X,]==X, , [X;,Xs]=-X; |
oy oz 0z

[Xl,X8]=—X8 ) [stxs]z_yxe +XX4 ' [stxe]z x4 ' [X4,X5]= X6’ [X7’X8]: Xs’

[X,, Xﬂ] =0, otherwise.
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