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Abstract
In the present paper, a Finsler space whose curvature tensor H;,, satisfies HjikhI om = QemHfin + bem(8kgjn —

Sﬁgjk) ,H]-ikh # 0, where a,, and b,,, are non-zero covariant tensor fields of second order called recurrence
tensor fields, is introduced, such space is called as a generalized H" —birecurrent Finsler space . The associate
tensor Hj.,p, of Berwald curvature tensor H]-"kh , the torsion tensor H},, ,the deviation tensor H},, the Ricci tensor
Hjj., the vector Hy and the scalar curvature H of such space are non-vanishing. Under certain conditions, a
generalized H" —birecurrent Finsler space becomes Landsberg space . Some conditions have been pointed out

which reduce a generalized H" —birecurrent Finsler space F,(n > 2) into Finsler space of scalar curvature.

Keywords: Finsler space; Generalized H" —birecurrent Finsler space; Ricci tensor; Landsberg space; Finsler
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1. Introduction

H. S. Ruse [6] considered a three dimensional Riemannian space having the recurrent of curvature tensor and he
called such space as Riemannian space of recurrent curvature. This idea was extended to n-dimensional
Riemannian and non- Riemannian space by A.G. Walker [2], Y. C. Wong [18] ,Y.C. Wong and K. Yano [19]

and others .

This idea was extended to Finsler spaces by A. Moor [3] for the first time . Due to different connections of
Finsler space, the recurrent of different curvature tensor have been discussed by, R.B. Misra [12] , R.B. Misra
and F. M. Meher [13] , B.B.Sinha and S.P.Singh [4] , P. N. pandey and R.B.Misra [10], R.S.D.Dubey and A.K.
Srivastara [14] , R.Verma [16] , S. Dikshit [17] , and others. S. Dikshit discussed different Finsler space with
birecurrent of Cartan’s curvature tensor, birecurrent of its associate tensor and indicatrix with respect to
Berwald's and Cartan’s connections . F.Y.A.Qasem and A.A.M.Saleem [5] discussed more general Finsler
space for the hv —curvature tensor Ujikh satisfies the birecurrence property with respect to Berwald's coefficient
G}k and they called it UBR- Finsler space. A.A.M.Saleem [1] discussed CP"— generalized birecurrent Finsler
space and U —special generalized birecurrent Finsler space. P.N.pandey, S.Saxena and A.Goswami [11]

interduced a generalized H-recurrent Finsler space.

Let F, be An n-dimensional Finsler space equipped with the metric function a F(x, y) satisfying the request

conditions [6] .
The vectors y; , y'and the metric tensor gj; satisfies the following relations
(11) a) y; y' =F? b) g = 0iy; = 0,y ¢) Yik=0

d) yL|k=0 and e) gij|k= 0.

Thus the unit vector K and the associate vector | is defined by
iy g =g F=
(12) a) l - F b) ll. - gl]l] al F F

The two processes of covariant differentiation, defined above commute with the partial
(1.3) @) (Xi) —(9x7), = X" (%) — (0:X ) P,

b) Pjc=(Tii)y" = Tihe ¥".

c) Fj';.chyh=G]L:khyh=Ov
d) Piy =0,
e) gl.rplih:Prkh-

The tensor H}kh satisfies the relation
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(1.4) Hj ! = Hip .

(1.5) H b = 0;H [y

The deviation tensor H | is positively homogeneous of degree two in y ¢ and satisfies
(1.6) H’ilkyh = H,i,

(17) Hiy* =0,

(1.8) Hj= Hjy,

(1.9) Hy = Hlii )

and

(110) H =— HE.

where H ;, and H are called h-Ricci tensor [9] and curvature scalar respectively. Since contraction of the
indices does not affect the homogeneity in y¢, hence the tensors H ., , H ,and the scalar H are also homogeneous

of degree zero, one and two in y* respectively . The above tensors are also connected by
(111)  Hpy =H,

(1.12) Hj =0;Hy ,

(1.13) H.y* =(n—1)H.

The tensors Hj, , Hy,and H b, also satisfy the following :

(1.14) Hip =0 Hp,

(1.15) gyHe=guHj.

The associate tensor H ;,, of Berwald curvature tensor H]‘:kh is given by

(1.16) Hijen = 8rj Hikn -

The necessary and sufficient condition for a Finsler space F,(n > 2) to be a Finsler space of scalar curvature is

given by
(1.17) Hy = F*R(8;, = 1"1n) -
A Finsler space F, is said to be Landsberg space if satisfies

(1.18) YrGjrkh = _ZCjkhlmym = _Zijh =0.
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2. Generalized H® —Birecurrent Finsler Space

Let us consider a Finsler space F,, whose Berwald curvature tensor j"kh satisfies

(2.1) H].ikw = AeHln + 1e( 85 gjn — 8k gji) + Hjyn, # 0, where 4, and p, are non-zero covariant vector

fields and called the recurrence vector fields. Such space called a generalized H"- recurrent Finsler space.
Differentiating ( 2.1) covariantly with respect to x™ in the sense of Cartan and using (1.1.e), we get
(2.2) Heem = AemHien + AeH i + Boim 8k Gjn = Sh )
Using (2.1) in (2.2), we get
Hnieim =(Aowm + e Zn)Hje + (Aot + Hpm) (8% Gjn = 5 1),
which can be written as
(2.3) H]'ikh|f|m = amHjgn + bom (819jn — 819j1), Hien # 0,

Where apy = Ay + o4 and by, = Appy, + iy, are non-zero covariant tensor fields of second order

and called recurrence tensor fields.

Definition 2.1. If Berwald curvature tensor Hj"kh of a Finsler space satisfying the condition( 2.3), where a,,,
and by, are non-zero covariant tensor fields of second order , the space and the tensor will be called
generalized H" — birecurrent Finsler space and generalized h — birecurrent tensor, respectively, we shall denote

such space and tensor briefly by GH® — BR — E, and Gh-BR , respectively .
However, if we start from condition( 2.3), we cannot obtain the condition( 2.1), we may conclude

Theorem 2.1. Every generalized H* — recurrent Finsler space is generalized H" — birecurrent Finsler space, but

the converse need not be true.

Transvecting ( 2.3 ) by the metric tensor g;, , using (1.1e ) and (1.16) ,we get
(2.4) Hjiniem = GemHjrkn + bom (GirGjn — GnrGjic)-

Transvecting ( 2.3) by y/ , using (1.1d ) and( 1.4), we get

(2.5) H]ihw”n = ApmHin + bom (84Yn — 64V )-

Further transvecting ( 2.5) by y* , using (1.1d ) and (1.6), we get

26)  H,. =amH:+ by (y'yn — 6LF?).

Thus we have
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Theorem 2.2. In GH" — BR — F, ,the associate tensor Hjyp Of Berwald curvature tensor H}kh , the torsion

tensor Hi,, and the deviation tensor H}, are non- vanishing.

Contracting the indices i and h in equations( 2.3), (2.5) and (2.6 ) and using( 1.8), (1.9), ( 1.10 ) and (1.1 a), we
get

2.7) Hjppim = @emHje + (1 = )by G -
(2.8) Hypm = @emHie + (1 —n)bpy Yy -
(29) Hlt’lm = a(mH - bemFZ .

Thus, we conclude

Theorem 2.3. In GH" — BR — E, the Ricci tensor Hjy., the curvature vector H, and the scalar curvature H are

non- vanishing.
Differentiating ( 2.8) partially with respect to y/, using ( 1. 12) and (1.1b), we get
(2.10) aj(Hka) = (6ja€m)Hk + apHj + (1 = n)(éjbfm)yk
+(1 =n)bem gji -
Using the commutation formula exhibited by( 1. 3a) for (H,,,) and using( 1.12), we get
(211) @Hyie)im = Hrie(0Tim) = Hyor (8;Tem) = (OrHi) P
= (3jafm)Hk + apmHj + (1 - n)(éjbgm)yk + (1 —n)bymgjx -
Again using commutation formula exhibited by (1.3a) for (H,) in( 2.11) , we get
(2.12) {@H0 e — H(OTiT) — (O HOF}  — Hyo(9Ti,
_Hk|r(ajrg7:1) - {(3er)|f - Hs(arrglf - (asHk)PrSe}IJj%
= (5]-aem)Hk + amHj+(1—n) (3jb€m)yk + (1 —=n)bsmGji -
Using (1.12) and (2.7 ) in (2.12), we get

(2.13) {=H(9;T3%) = (Hir )P} — H,o(9Ti,

~Hyor (0;Tim) = {Hir,p = Ho(3:T38) — His P2} P

= (0aem)Hyc + (1 = 1) (8 )V

Transvecting (2.13) by y* , using (1.1d) , (1.13),( 1.3b) and (1.1a), we ge
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—2H,,,Ph — (n — DH,.(9;T;m) = (n — 1)(0;apm )H — (n — 1)(0;bem ) F2.

Which can be written as

. dia m)H
(2.14) (0;bem) = %
if and only if
(2.15) —2H,,Ph, — (n = DH,(8;T;7) = 0.

If the tensor a,,, is independent of y!, the equation (2.14) shows that the tensor b,,, is also independent of y*.
Conversely , if the tensor b,,, is independent of y!, we get Ha']-am = 0. In view of theorem2.3, the condition

Ha]'a[m = 0 implies 3jaem = 0, ,i.e. the covariant tensor a,,, is also independent of y*. This leads to

Theorem 2.4. The covariant tensor b,,, is independent of the directional arguments if the covariant tensor a,,,

is independent of directional arguments if and only if equation (2.15) holds.
Suppose the tensor a,,, is not independent of y¢, then (2.13) and( 2.14) together imply

(2.16) {=H,(9Ts%) = (Hir )Py} = Hy (9T,
_Hklr(a}:l—?;l) - {Hk‘rlf - Hs(a"fl—‘;li) - Hksprsf}Pj‘gn

= (a]-.am) [Hk —%Hyk] .

Transvecting (2.16) by y™ and using (1.1d) , (1.3c) and (1.3d), we get

(n-1)

(2.17) {—Hr(ajFé‘;? - (Hkr)Pﬁ} y" = (3jae — ajp)(Hy — 5= Hyy).
Im F
where a,,y™ = a,
if
(2.18) {-H.(9;T;%) — (Hkr)Pﬁ}lmym =0, equation (2.17) implies at least one of the following
conditions
(2.19) 3) 4 = djay, b) Hy = =2 Hy,

Thus, we have

Theorem 2.5. In GH" — BR — F, for which the covariant tensor a,,, is not independent of the directional
arguments and if condition (2.18) holds, at least one of the conditions (2.19a) and (2.19b) hold.

Suppose (2.19b) holds equation (2.16) implies
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(n

-1) T
= Hyr}w ;T

(2.20) {(-E2 Hy, 0T — Hyy ﬁ}lm 1

(n-1) - (n-1) TR
-{&2 Hyk}l_r OiTim = HyriePim = =5 HYs (0:T5 ) Pl

— HysPrpPin = 0.

Transvecting (2.20) by y/ , using (1.1d), (1.3b) and (1.3d), we get

n-1)

(2.21) (E2aypi) {521y Pon+ {2 Hu) Pl =0.

F F2
Thus, we have
Theorem 2.6. In GH" — BR — E, , we have the identity (2.21) provided (2.19b).

Transvecting (2.21) by the metric tensor g, , using (1.1e) and (1.3e), we get

(n-1) (n—-1)

222) (" Hy P +{GHy

(n-1) o
Pim + {2 Hyi} Pim = 0.

By using (1.1.c) , equation (1.22) can be written as

yr(HPj{’k)|m + YTHWijm + ka|er{’m =0.

In view of theorem2.3 , we have

(2.23) Pipm = 0.
if and only if
(2-24) Yr(HPj{’k)rm + y‘erijm =0.

Therefore the space is Landsberg space.
Thus, we have
Theorem 2.7. An GH" — BR — F, is Landsberg space if and only if conditions (2.24) and (2.19b) hold good.

If the covariant tensor a;, # 8]-a€, in view of theorem2.5, (2.19b) holds good. In view of this fact, we may

rewrite theorem 2.7 in the following form

Theorem 2.8. An GH" — BR — E, is necessarily Landsberg space if and only conditions (2.24) and (2.19b) hold

good and provided a;, # d;a, .
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Differentiating (2.5) partially with respect to y/ , using (1.5) and (1.1b), we get
(2.25) 0; (Hlih|€|m> = (0;apm )Hin + a{’mHjikh + (0;bem) (Bkyn — 8hyi)
+b{’m(61ftgjh - 5}1.19jk)-

Using commutation formula exhibited by (1.3b) for (H,ihlt,) in (2.25), we get

(2.26) {aj (Hlichlt’)} + H}Ch|f(3jrr*fl;1) - Hihw(ajrlgn) - Hrikle(ajrﬁgm)

m
— Hyp (0T) — 0, (Hlihlt’) Pl = (0;em)Hin
+a€mHjikh + (ajb{’m)(aliyh - 5;'13’1() + bem(51ic9jh - 5;;9jk)-

Again applying the commutation formula exhibited by (1.3a) for (H%,) in (2.26) and using (1.5), we get

(2.27) {H: o + Hin (0;T78) = HEL(OT5) — HE(T30) — Hi ,@}lm
+Hl:h|€(ajr7f71;1) - Hrihw(ajrl:rrn) - Hrikw(ajrftrrn - Hlimr(air;zrf -

{HE e + Hin (3,T58) = Hi(3,15) — Hu(0,T5) — Hix Py} Pl
= (aja{’m)Hlich + at’mHjikh + (ajb{’m) (51ic3’h - 5;13’1()

+b€m(51igjh - 5)1'19]'1() .

Using (2.3) in (2.27), we get
(2.28) {Hin(0;17%) — Hin(9,TF) — Hi(0,Tn7) — HiwnPo},
+Hl:h|f(ajF:7§1) - Himeﬁjﬂﬁ%) - H;'kw(a.jrf’{rrn - Hlihlr(ajr;z;’

- {Hrikhlt’

+ Hip(0:T5) — Hip(0:T7) — Hiy (9,T53) — Hig rse} P
= (ajaem)Hlih + (ajb{’m)(dliyh - 5;'13’1()-

Transvecting (2.28) by y* , using (1.1d), (1.1a), (1.3b), (1.4) and (1.6), we get

(2:29) {HR(9T72) = HH(9Tir) = 2Hp e}, + Hiyo(9Tm) = Hopo (Bin)
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HyoOTim) = i (9Tt = Uy + R (9:50) — HE(0: 33
—2H.,PS = (6 aem)Hh + (6 bem)(y Vp — SLF? )
Substituting the value of 8jbfm from (2. 14) , in (2. 29), we get
(2.30) {HL(O;178) — HE(9;Tp) — 2HI P} + Hy ,(8T0) = Hyy o (Bin)
HyoOTim) = i (9Tt = Uy + R (9:50) — HE(0: 33

—2Hp PPl = (0aem)[Hy, — H(8h — 1'Ln)]-

(2.31) {HL(OT78) — HH(9;Tp) — 2HI PR} + Hy (8T50) = Hyp o (Bn)

HY, (Tim) = Hy (9150 = (HY, + HR(,T58) — HE(O,135) — 2Hi PR}PR, =
We have at least one of the following conditions :
(2.32) a) (9;apm) =0, b) Hi = H(8L —1'1n)-
Putting H = F2R , the equation (2. 32b) may be written as
(2.33) Hi = F2R(8E — 1'a),
where R #+ 0. Therefore the space is a Finsler space of scalar curvature .

Thus , we have

Theorem 2.9. An GH" — BR — E, for n >2 admitting equation (2.31) holds is a Finsler space of scalar

curvature provided R # 0, the covariant tensor a,,, is not independent of directional arguments .
3. Conclusions
(3.1) The space whose defined by condition (2.3) is called generalized H™ — birecurrent Finsler space.

(3.2) Every generalized H™ — recurrent Finsler space is generalized H? — birecurrent Finsler space, but the

converse need not be true.
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(3.3) In generalized H™ — birecurrent Finsler space the Berwald curvature tensor Hjikh and the associate tensor

Hj satisfies the generalized birecurrence property .

(3.4) The torsion tensor Hi;, , the deviation tensor Hi , the Ricci tensor Hj, , the vector Hy and the scalar

curvature tensor H are all non- vanishing in our space .

(3.5) An generalized H" — birecurrent Finsler space is necessarily Landsberg space if and only if conditions
(2.24), (2.19b) and a;, # d;a, hold.

(3.6) An generalized H" — birecurrent Finsler space for n >2 is a Finsler space of scalar curvature provided

R =+ 0, the covariant tensor a,, is not independent of directional arguments and condition (2.31) holds .
4. Recommendations

The authors recommend that the research should be continued in the Finsler spaces because it has many

applications in in relativity physics and other fields .
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