International Journal of Sciences: ...
Basic and Applied Research Sclences:

A3 Basic and Applied
) JISUAR (IJSBAR) Research
'i':“_'—,/ ¥ :.-:-- lstspr:mzzg?;?s‘s-l
ISSN 2307-4531 it
(Print & Online) =y
http://gssrr.org/index.php?journal=JournalOfBasicAndApplied —
Estimation of Longevity using Survival Functions
Ajayi Moses Adedapo®, Shangodoyin Dahud Kehinde®,
Thaga K¢, Mokgathle Lucky®
a.bed gtatistics Department, University of Botswana, Gaborone, +267, Botswana
# Email:ttkdapo@gmail.com
Abstract

Estimation of life expectancy and longevity are frequently used in several fields basically on convectional
model. The study considers Longevity estimation models and variances as alternative to conventional model
incorporating non-parametric, semi-parametric and parametric with relevant survival functions to formulate
longevity models that will accommodate expected variables in the estimation of life expectancy. These models
can be used to analyze both grouped and individual data. We consider Kaplan Meier model as nonparametric
methods, Cox proportional model as semi parametric methods. The parametric methods considered are
exponential, weibull and gompertz proportional models which are commonly used for analyzing discrete data.
The derived variances of KM and Cox proportional longevity estimator models are equivalent this confirm the
result of major work done in this field. The other derived longevity models have difference variances due to

their peculiarities. We shall consider these models empirically in another paper.
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1. Introduction

Estimates of longevity and life expectancy are frequently used in several fields including biostatistics,

demography, economics, engineering and sociology.
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The expressions duration analysis, event-history analysis, failure-time analysis, reliability analysis, and
transition analysis refer essentially to the same group of techniques although the emphases in certain modelling
aspects could differ across disciplines [4]. The concepts of longevity and life expectancy are fairly easy to
understand: the longest lived individual and how long individuals live on average, respectively. What is not
easily understood is that there are many different methods of estimating life expectancy, and the different
methods can give widely different answers. When selecting a method for estimating life expectancy, it is
important to ensure that the method used is appropriate for the data available and for the life history of the
subjects. Although there is rarely only one correct method of brief demographic information, it is often possible

to show methods that are clearly incorrect or give misleading results [5].

According to [3], the methodological developments of life expectancy that have had the most profound impact
are the Kaplan-Meier method for estimating the survival function, the log-rank test for comparing the equality of
two or more survival distributions, and the Cox proportional hazards (PH) model for examining the covariate
effects on the hazard function. The accelerated failure time (AFT) model was proposed but seldom used. In this
study, we will develop longevity models, using non-parametric, semi-parametric and parametric with survival
function. We shall compare nonparametric methods (the Kaplan-Meier), semi parametric methods (the Cox PH
model) and parametric methods (Parametric PH model) which are commonly used for analyzing academic

retiree’s data.

2. Longevity Estimation model

Longevity estimation model could be useful in replacing of the conventional model in cohort life table for

estimating life expectancy. The expected years of survival in cohort life table is given as

2(X) _T0)

S M)

Where T, is the total number of per-years lived by the cohort after age x
min

> nL(x)

2(X) :—maxl(x)

From life table, I(x)is the number of survivors in the life table at exact age x out of an initial population call

radix at age 0. nL(x) or L(x,n) is total number of person-years lived by the total population between ages x

and x+n and where “n” is the age interval.

nL(x) = L(x,n) =0.5n(I(x) +I(x+n))
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leo.Sn [1(x) +1(x+n)]
/(X)) =&
1(x)

O.Sn(ZX:[I(X)H(X+ n)]j

max I (X)

Using the life table formulae we have

[(x+n)=P(x)*1(x) (2

Where p, is the probability of survival from age x to x+n.

I(x+n)
1(x)

, then we have

If p(x) =
0(x) = O.SnZX:(p(x) +1)

=0.5nZX: p(x)+0.5nZX:1 ®)

max

The Kaplan Meier estimate of survival function

s(x) =] [ p(x) Could be modified as

<X

s(x) = p(x)xs(x—1) @
s(x)
Where p(0) =1, Therefore, p(x) =———
s(x-1)
. _~_S(x)
2PO=2 0 ©)
Therefore
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LG(x) = OSnZ Sx _1)+0.5nZX:1
LG(X) = O.Sn{i[s(x)(s(x—l)‘l)]+ gx} ©)

Where |, = summing 1 up to the age X from the highest age. Using this expression the Kaplan Meier model is

X

LG(X),, = o.5n2%+ 05031

< TI-he0] &
OSn{ Tl nx-D] ;1 @)

From equation (6), we then deduce longevity estimator (LG) for selected non parametric, semi-parametric and

parametric survival models.

From equation (6), we have the general variance as

Var (LG(x)) = (0.5n)? {%Var[ (SX(X)l)H (8)

This involves ratio of variable S(x) and S(x —1) . The general formula is

Var( s(X) ] 1
s(x-1) lus(x 1) ﬂS(X)

-1
_Zpo-s(x)Gs(x—l)/us(x):us(x—l) 9)

Using (5.9) in (5.8) gives

2

S| M 1 .

VarLG(X) = (OSn)Z Z( 4S(X) Gsz(x—l) + 2 s(x) 2pcys(x)o-s(xl):us(x)/'ls(lx1)J (10)
max s(x-1) /us(x)

This latter equation shall be used to derive the model variance for other forms of longevity to be considered later

in this chapter.

3. Longevity Estimation using Kaplan Meier (Km)

Consider the longevity equation of KM
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LG(X),, = 0.5n{zx:[s(x)(s(x -0 |+ gx} (11)
The variance is of the form
_ 2l N s(x)
Var[LG(x),,]=(0.5n) {%Var [—S(X—l) H (12)

Equation (11) involves ratio of estimators and is given as

Var(s(x))

2
:us(x—l) /us(x)

() )L Mo _
Var(s(x—l)]: o var(s(x-1))+

-1
_Zpo-s(x)Us(x—l)/us(x):us(x—l) (13)

where o, = War(s(x)) | Tyxy = WVar(s(x—1)) and p = corr[s(x),s(x-1)]

The required variance of LG(X),,, is

2

S| M 1 _

Var [ LG(X)km] = (05n)2 Z %O_sz(x—l) + To-sz(x) - 2po—s(x)O-s(x—l)/us(x)/us(lx—l) (14)
max /us(xfl) s(x)

From equation (14) it is required to find Var. (S(X) ) and by mathematical indication we obtain Var(s(x—1)).

X
To do this, we have Var (Ins(x))=Var»_In(1—h(x)) which can be obtained using Delta method [1,2].

max

But suppose that it is the number of individuals at risk in X; with dj as the number of deaths at X; . Given that

I;is the total number of individual surviving in the interval (XjXM), we can deduce that random number

d.
I; —dj has a binomial distribution with parameter r; and 1—(—’ . Thus, the conditional variance of

i

r, —d;is given by Var(rj —d, /rj)z r;h;(L—h;); Therefore

A ~ h.(1-h.
Var(hj /rj):Var(l—hj):¥ (15)

j

By Delta method, we have

Var| Ins(x/r,) ] =VarZX: InL—h(x;r,))
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2

Z(dh( )(In(l h(x, )))]Var(h(xj/rj))

jix; <x

S 1 Y (heg)a-hex)
_;[1—h(xj)J { r, J
=Z:: n (1h()f(1()x ) Wherej=1,2...r

Replacing h(x;) with d(X;)/r;gives

Var(lns(x/rj):z{ (rd. )}

jix<x

2
Finally, if z=Ins(x) then £ = ¢"™ therefore Var (s(x)) = Var(¢*) = [diﬁz} Var(z)
z

= (s(x))’ Var(Ins(x))

= (s(x)* ,Z . d) (16)
Also

Var(s(x—1) = (s(x-1))? Z ( d) 17)

%
Let oy = \/;ar(s(x)) (S(X))l:z (- d):l

%
Osx1) ;Nar(s(x—l) :(S(X—l){ z ﬁ} . Then

JX1J

2 % %
, d d,
Var(LG(x)km):(O.Sn)z{Zl:'Lis(x)Var(s(x—1)+ ! Var(s(x)}—2ps(x)s(x—l),us(x)ys(1x1){2 e - )} { Y - ] )} }(18)
IXjex Tj\ i JXjexa

max s(x-1) s(x)
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4. Longevity Estimation using Cox Proportional (CP) Model

The Cox Proportional Hazard (CPH) model is given by
h(x/y)=h,(X)exp(BY; +......+ B,Y,) = hy(X) exp(BY). hy(X)is the base line hazard function, this
is the hazard function for an individual for which all the variables included in the model are zero. Y =

[T/ P Yq) is the values of the vector of explanatory variables for a particular individual and ﬂ' is the vector of

regression coefficient. The survival function is given by

s(x/y)=5,(x) exp[iﬂjyj] (19)
Also
s(x1/) =SO(X—1)eXp[Zp:ﬂ,-y,-] 0

Since S, (X) is the base line survival function at age x, then we can extend to point x-1 which in turn gives the

longevity model for CP model is

-1
X

LG(x),, =0.5n1>" so(x)exp[_zp:ﬁjyjJso(x—l)exp(zp:ﬂjyjj +1, ¢ (21)

max

LG(X),, :O.Sn{i[so(x)so(x—l)*} IZX} (22)

max

The equation (22) is the same as equation (11)

The wvariance of Cox proportional longevity model could be derived using equation (22)

X ’uz 1 d. % d. %
Var(LG(x),,) = (0.5n)* Z{f"(x)VaF(So(X—l)H 3 Var(So(X))}—ZPSO(X)SO(X—l)ﬂSO<x)#s;1(x1) { > '} { > '}

max | Hs, (x-) ) o (i =dy) | i, n(r=d))

(23)

5. Longevity Estimation Using Exponential PH Model

In literature the exponential PH model is a special case of the Weibull model when » = 1. The hazard function

under this model is to assume that it is constant over time. The survival and hazard function are written
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respectively as S, =exp(-4x) and h(x/y)=Aexp(B Y, + B, +-eeees +B,Y,) = Aexp(By) .

Under exponential PH model, with covariates (Y,, Y,, Y3, ...... Y,) . the survival function is
s(x/y) = exp[—lxexp(ﬂ'y)] (24)
Also
s(x—1/y) =exp|:—/1(x—1) exp(/i"y)] (25)

Therefore using (24 and 25) in (6) gives the exponential proportional estimation of longevity as

LG(X)gye =0.5n {le(exp [—/l(x) exp(ﬂ'y)][exp(—l(x—l) exp(ﬂ'y))]ljJr sz} (26)

max

LG(X)gye =0.5n {iexp()ﬂexpﬂy% sz} 27)

LG(X)gye =0.5n {iexp(h(x))+ sz} (28)

max

The variance of longevity exponential proportional model is derived from equation (28) as:
varLG(x),,, = (0.5n)* {ZX:Var(exp h(x))} (29)
But letexp h(x) = ¢, then Var (exp h(x)) =Var(¢)are Inp = h(x),Var(In ) =Var(h(x)) .
Using Delta method Varlng= %Var((p) =Var(h(x)) from the last expression, we have
p’Var(h(x)) =Var (@) =Var (exph(x)) .Therefore
Var(exp h(x)) = (exp h(x))*Var (h(x)) (30)

But h(x) = Aexp(B'y). If we use Taylor series approximation (Alex, 2009) we haveexp Sy 11+ By .

Thus Var(h(x)) = ﬂ"'ZﬁfVar(yi) So we have;

Var[LG(x)exp] =(0.5nexph(x)2)" > Bvar(y,) (31)
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6. Longevity Estimation using Weibull PH Model

Suppose that survival times are assumed to have a Weibull distribution with scale parameter A shape parameter
y , so the survival and hazard function of a W( A , ) distribution are given respectively by
s(x) = exp(=Ax") and h(x) = Ay(x)”" With 1,y > 0. The hazard rate increases when » > 1 and

decreases when y < 1 as time goes on. Whens y = 1, the hazard rate remains constant, which is the special

exponential case.

Under the Weibull PH model, the hazard function of a particular patient with covariates
(Y1s Y2 Yoo oY) is given by:
h(x7y)=A7(X) " exp(BY, + ByYo -t B,Y,) = Ay (X) " exp(BY).

The effects of the explanatory variables in the model alter the scale parameter of the distribution, while the

shape parameter remains constant. The corresponding survival function is given by:

s(x/y) =exp| ~Ax" exp(5'Y) | (32)
and
s(x-1/y) =exp| ~A(x~1) exp(5y)] (39

Given equation (5.32) and (5.33) we can relate S(x) and h(x) as

s(x) =exp(—h(x)y ") and s(x—1) =exp(-h(x-1)y*)

The longevity model using Weibull distribution and gives equation (6) and (33) is

X exp —h(X)}/fl
HG(X)ue = (0.5N) %x: exp(—(h(X—1)7)l)

:(O.5n){iexp(h(x)]+ I>X} (34)

/4

To derive the variance of LG(X),,z we have

VarLG(x),s = (0.5n)* ) y*Var(h(x)) (35)

By taking h(X) = Ayx" " exp(B'Y) 0 Ayx"* (1+ )" BY, ) then
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Var(h(x)) = (/Iyxy‘l)z > pVar(y,)

VarLG(x),, = (0.5n)? [Z 7 (arx ) S (Bvar(y, ))} (36)

7. Longevity Estimation using Gompertz PH Model

The survival and hazard function of the Gompertz distribution are given respectively by
S,y = €X i(l—ex (0x)) | and h(x) = A1exp(Ox) . For 0<X<oo and 4 >0. The parameter &
(x) — p 0 p = P . < . p

determines the shape of the hazard function and to be equals to zero. The survival time has an exponential
distribution. The hazard function of a particular person is given by h(x/y) = ﬂexp(z ﬂA, Y, )exp(ex) ,

consequently we may write the survival function as:

s(x/y)=exp (i (1—exppxexp ,B'y)j (37)
4

=exp (i @a- h(X))j by mathematical induction, we have
@

s(x—l/y):exp[&(l—h(x—l))j (38)
2

By using equation (5.6), we have the longevity estimator for Gompertz model distribution as

exp[”“(l—h(x»j
@

LG(X)gp =0.5n4 " +1

= exp[’l(l— h(x—l))j
0

>x (39)

We derive the variance of LG(X)g, model by using equation (5.15) as

o9
) exp| —h(x)
VarLG(X)g, = (0.5n)?| > Var

mex exp()b h(x—l)j
®
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A S
Solets, =exp| —h(x) |, then we have to find Var| —— | as defined in equation (9).
X p
2 sx—l

But in order to find variance of S, , we use delta method to get

2
Var {exp [i h(x)ﬂ = (iJ p"’h( )Var(h(x)) =0osy (40)
@ @
and
1 P 2 A(h(x-1))
Va{exp[—h(x—l)ﬂ=(—j p ¢ Var[h(x-D]=0%,. (41)
4 4

Thus using elements of (5.40) and (5.41), to get the required variance as:

2
AT 1 -
VarLG(X)GP = (05“)2 Z ,U:( ) O-sz(x—l) +To-s,2(x) - 2100-5(x)o-s(x—l):us(x):us(lx—l) (42)
max s(x-1) s(x)

8. Conclusion

We developed longevity models in replacing the conventional models for estimating life expectancy with the
view of making useful comparison with their model variances as well as to allow data to conform with
appropriate model. We incorporated non-parametric, semi-parametric and parametric with survival function.
These models can be used to analyse both grouped and individual data. We consider Kaplan Meier model as
nonparametric methods, Cox proportional model as semi parametric methods. The parametric methods
considered are exponential, weibull and gompertz proportional models which are commonly used for analyzing
discrete data. Overall, as expected the derived variances of KM and Cox proportional longevity estimator
models are equivalent. The other derived longevity models have difference variances due to their peculiarities.

We shall consider these models empirical in another paper.
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