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Abstract

In this work we considered a nonlinear deterministic dynamical system to study the dynamics of HIV/AIDS-TB
co-infection in Ethiopia. We found the system exhibit disease free equilibrium point and endemic equilibrium
point. For the reproduction number R, < 1 the disease-free equilibrium point is locally asymptomatically
stable and the endemic equilibrium point is locally asymptomatically unstable. We calculate basic reproduction
number of the HIV/AIDS-TB co-infection dynamical system which depends on six parameters. Using real data
collected from different sectors in Ethiopia we found that the numerical value of the basic reproduction number
is 34.86. This shows that HIVV/AIDS-TB co-infection spread in the society. Using sensitive analysis, we

identify the most influential control parameter is the HIV/AIDS-TB co-infection transmission rate 8;. The

__ Effective number of contact for HIV/AIDS—TB co—infection

HIV/AIDS-TB co-infection transmission rate 5 = . - which
Total number of contact for HIV/AIDS—TB co—infection

numerical value to be 0.021. But the real value of 5 is 0.74, to be 0.74 in to 0.021 by fixing the number of
contacts for HIV/AIDS-TB co-infection we decrease the effective number of contacts for HIV/AIDS-TB co-
infection 74 to 21. We also perform numerical simulation based on real data collected from different health

sectors in Ethiopia.

Keywords: Nonlinear dynamical system; HIV/AIDS-TB co-infection; Stability Analysis; Basic Reproduction

Number; Sensitive Analysis; Numerical Simulation.
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1. Introduction

According with the World Health Organization (WHO), the human immunodeficiency virus (HIV) and
mycobacterium tuberculosis are the first and second cause of death from a single infectious agent, respectively
[1]. HIV/IAIDS is transmitted primarily via unprotected sexual intercourse, contaminated blood transfusions,
hypodermic needles, and from mother to child during pregnancy, delivery, or breastfeeding. There is no cure or
vaccine to HIV/AIDS. However, antiretroviral treatment (ART) improves health, prolongs life, and substantially
reduces the risk of HIV transmission [21]. To date, TB claims the second largest number of victims due to a
single infectious agent right after HIV/AIDS [19]. Mycobacterium tuberculosis is the cause of most occurrences
of tuberculosis (TB) and is usually acquired via airborne infection from someone who has active TB can coughs,
sneezes, speaks, or sings. German Microbiologist Robert Koch discovered the causative organism
Mycobacterium tuberculosis on 24™ March 1882 [16]. The negative impact of synergic interactions between
Tuberculosis (TB) and HIV has caused worldwide concern [12]. Tuberculosis (TB) and HIV infection have the
effect of deeply on attack the immune system, since they can afford to weaken host immune response through a
mechanism that has not been fully understood. Mycobacterium Tuberculosis and HIV are two pathogens in the
same individual comes by co-infection and they giving increase the effect of one another, accelerating the
deterioration of immunological functions and resulting in premature death if untreated [15]. Studying
HIV/AIDS-TB coinfection is of significant importance because it may have negative effect both on the health of
the coinfected individuals as well as on the public health in general [2].

Several numbers of mathematical models on co-infection have been formulated and analyzed. The studies
discussed the HIV/AIDS-TB co-infection associated morbidity and mortality complications. Among those
Mathematical models, the work done by [14], addressed the Analysis of HIV/AIDS and Tuberculosis
coinfection Dynamics by considered two variants of a co epidemic model SIxSI and SIIxSEI of two diseases.
Reference [20], addresses a mathematical analysis of the transmission dynamics of HIV/AIDS-TB co-infection
in the presence of treatment. According to [17], a nonlinear mathematical model is proposed to study the effect
of tuberculosis on the spread of HIV/AIDS infection in a logistically growing human population where the
restricted growth is due to density dependence in both the birth and death. References [13], addresses Modeling
Tuberculosis HIV/AIDS-TB Co-infections by consider a highly simplified deterministic model that incorporates
the joint dynamics of Tuberculosis (TB) and HIV/AIDS. Reference [4] , a nonlinear mathematical model is
proposed and analyzed to study the dynamics of HIV/AIDS, Tuberculosis (TB) and HIV/AIDS-TB co-infection
by consider TB infected individuals are not HIV susceptible. Reference [10], Addressed risk of co-epidemic
HIV/AIDS-TB is a major problem that must be faced by countries around the world by assumed that disease
transmission occurs via random mixing between members in the susceptible, latent/exposed, and infected
compartments. Reference [21], addresses a HIV/AIDS-TB co-infection population model and optimal control
treatment by considered antiretroviral therapy for HIV/AIDS infection and treatments for latent and active
tuberculosis. Reference [18], analyzed a Mathematical Modeling of Tuberculosis as an Opportunistic
Respiratory Co-Infection in HIVV/AIDS in the Presence of Protection. [9], develop a mathematical model to
study the Threshold dynamic for quasi-endemic equilibrium from co-epidemic HIVV/AIDS-TB model with re-
infection TB in heterosexual population. Reference [15], addressed a Mathematical Modeling of Transmission

dynamics of Co-infection Tuberculosis in HIV Community. Reference [11], addressed a non-linear

12



International Journal of Sciences: Basic and Applied Research (IJSBAR) (2021) Volume 55, No 2, pp 11-34

deterministic Mathematical model analysis of coinfection: HIV/AIDS and TB Perspective by consider
simultaneous transmission of both pathogens to the susceptible. Reference [12], proposes a population
Mathematical model for HIV/AIDS-TB co-infection and addresses the effect of treatment for HIV/AIDS
infection, active tuberculosis and co-infection of HIV/AIDS-TB. In this paper we refer the initial HIV/AIDS-
TB co-infection Mathematical Model done by Kelatlhegile Gosalamang Ricardo, Mathematical analysis of dual-
infection HIV and TB perspective [11] and we extend it based on the Ethiopian context. We found disease free
and endemic equilibrium points and we performed their local and global stability. Based on real data collected
from different health sectors in Ethiopia we found that HIVV/AIDS-TB co-infection has a strong impact on the
spread of HIV/AIDS-TB co-infection. Finally we suggest some solutions based on our control parameters how
to control the HIVV/AIDS- TB co-infection.

2. Mathematical Model
2.1 Model assumptions of HIV/AIDS-TB Co-infection

Consider a nonlinear dynamical system in which the host population divides into eleven compartments, namely
susceptible individuals both HIVV/AIDS and TB S(t), HIV-exposed individuals E (t), HIV-infected individuals
Iy (t), HIV infected individuals with AIDS stage who are taking Antiretroviral treatment A(t), TB-exposed
individuals E7(t), TB-fast latently infected individuals L, (t), TB-slow latently infected individuals L(t), active
TB infected individuals I (t), TB recovered or treated individuals Ry (t), class of individuals infected with both
HIV and active TB I (t), class of individuals infected with both HIV-infected with AIDS stage who are taking
Antiretroviral treatment and active TB A, (t). The total population at time ¢, denoted by N(t), is given
by N(t) = S(t) + Ey(t) + Iy(t) + A(t) + Er(t) + Le(t) + Ls(t) + I (t) + Rp(t) + Iyr(t) + A (t). Now in
order to formulate the dynamics of the above system mathematically, the following assumptions have been

adopted:

» We assume that all individuals in a given compartment are identically infectious.

» HIV infected class is considered susceptible to TB infection. However, TB infected population is not
susceptible to HIV.

» The susceptible class, S(t), containing individuals at risk of either HIV or TB or both HIV/AIDS-TB
co-infection.

» The susceptible population is increased by the recruitment of individuals into the population by A.

» Allindividuals in different compartments suffer from natural death rate d.

» Susceptible individuals acquire TB infection from individuals with active TB at a rate A given
by 1r = % (Ip(t) + Igr (t) + Ar(t)), where B, is the transmission coefficient for TB infection.

» Susceptible individuals acquire HIV infection, following effective contact with people infected with
HIV at a rate A4 given by Ay = %[EH(t) + Iy (t) + Iyr(t) + A(t) + A7 (t)] , where B, is the

transmission coefficient for HIV infection.

» And susceptible individuals acquire HIV/AIDS-TB co-infection, following effective contact with

people infected with HIV/AIDS-TB co-infection at a rate Ay given by Ay, = %[IHT(t) + A ()],
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where 5 is the transmission coefficient for HIVV/AIDS-TB co-infection.

From the expression of Ar, Ay and Ayr we can formulate another condition B; = k3,8, where

o = (Eu@+Ig(O)+Igr(©)+A@)+AT(®))(IT () +1gT () +AT()) ATH
T +AT(E)AT A

correspond to the assumption that the two pathogens are rarely transmitted simultaneously, while

is a parameter. The parameter ¥ < 1,

Kk > 1 assumes high transmissibility of both pathogens.

HIV-exposed individuals progress to the HIV-infected class at a rate §, and progress to the AIDS class
A at arate p.

HIV-infected individuals with AIDS symptoms are suffer induced death at a rate d.

Individuals in the class Ey are susceptible to TB infection and progress to individuals infected with
both HIV and active TB I (t) by the rate A.

Individuals in the class I are susceptible to TB infection and progress to individuals infected with both
HIV-infected with AIDS symptoms who are taking antiretroviral treatment and active TB A, (t) by the
rate Ay.

Individuals in the class A are susceptible to TB infection and progress to individuals infected with both
HIV-infected with AIDS symptoms who are taking antiretroviral treatment and active TB A, (t)at a
rate Ag.

Individuals in the class Iy are progress to individuals infected with both HIV-infected with AIDS
symptoms who are taking antiretroviral treatment and active TB A (t)at a rate ¢.

Individuals infected with both HIV-infected with AIDS symptoms who are taking antiretroviral
treatment and active TB is suffering induced death at a rate dy.

TB-exposed individuals are progress to either fast or slow latent infection by the rate pw and (1 — p)w
respactivly.

The fast latent L,(t) and slow latent L,(t) infected classes are decreased by post exposure vaccination
by the linear recovery rate p and & respectively and inters into recovered class

And if not get post exposure vaccination develop active TB infection at some time in the time of
infection by the infection rate a and e respectively and inter into /(t) but we cannot consider pre-
exposer vaccination.

Individuals with active TB disease suffering induced death at a rate d.

Individuals successfully treated at active TB infection stage develop immunity and go to recovery
stage at a rate 7.

The recovered class is decrease by the rate 6 which is the recurrence rate of successfully treated TB
cases and inters into infected class. Based on the above assumptions we construct the following flow

chart
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Figure 1: Flow diagram of HIV/AIDS-TB co-infection dynamical system
Model Equation
The corresponding dynamical system of the above flowchart
ds
T = 1S — (@ + d)Er @)
dL¢
e pwEr — (p + a+ d)Lf 3)
dLg
= (1-p)wEr —(e+e+d)Lg 4)
T = ale+ elg + 6R — (m+d + dp)ly (5)
dr
5 = PLe +elg + mlp — (6 + )R O]
dEy
dI
d—:l =8Ey — Arly — (+ DIy 8)
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dA

7 = My —ArA = (d +dyA ©)
dl

% = AurS + ArEg — (@ + dlyr (10)
dﬂ = )\TIH + )\TA + (pIHT - (d + dHT)AT (11)

dt

Where the total population size N =S + Er + L+ Ly + Iy + R+ Ey + Iy + A+ Iyr + Ar

2.3 Positivity of the Solution

Theorem 1: If  S(0) > 0,E(0) = 0,Lr(0) = 0,Ls(0) > 0, I7(0) > 0,E,(0) > 0,1,(0) > 0,A(0) >
0,1yr(0) = 0,A7(0) =0 and R(0) =0 then the solution region (S(t), Er(t),Lg(t), Ls(t), I+ (t), Ex(t),

Iy (), A(t), Iyr (t), A (t), R(t))of the dynamical system (1) — (11) is positive for all time t > 0.

Proof: The dynamical system (1) — (11) is meaningful, when all solution of the state variables with nonnegative

conditions is non-negative. To show this we have taken each differential equation of the dynamical system (1) —

(11) as follow

t
From % =A—(Ar+ Ay + A4p)S—dS its  solution is  S(t) = elo(GrtAn+inr)+dyd

t
fOtAe‘fo((’lT”H”HT)*d)dTdr>0 since those model parameters and exponential functions are

positive.

dET
dat

model parameters and exponential functions are positive.

t t
From &L = 1,5 — (w + d)Eq its solution is E,(t) = elo@+ddr fot 178 e~ fo@*+ddr g > 0 since those
da . . . t _rt
From % = pwEr — (p + @ + d)L, its solution is Ly (t) = eloPra+didr fotpwET e~ lolprardyargr 5 ¢
since those model parameters and exponential functions are positive.

From % =1 -pwE; —(e+e+d)L; its solution is

t t
Ly(t) = eloererdar fot(l —p)wEy e loE*re+ddTqr 5 0 since  those model parameters  and

exponential functions are positive.
t
From % = al; + €L + OR — (m + d + dp)ly its solution is Ly(t) = elo™+a+andr [Lq) 4 ef 4
t
6R) e~ Jomtd+andrqe 5 0 since those model parameters and exponential functions are positive.

t
From ‘;—’: =pls +elg+mly — (6 +d)R its  soluion s R(t) = elo@*+Ddr fot(po +elg +

t
lr) e~ Jo@+DaTqe 5 0 since those model parameters and exponential functions are positive.

t
From % = AyS — ApEy — (6 + d)Ey its solution is Ey(t) = eloGr+@+ddr

t
fot AyS e~ loGr+(8+d)dr g1 5 0 since those model parameters and exponential functions are positive.

t
From CZ—:’ =8Ey — Aply — (u+ d)1y its solution is I (t) = eloGrtu+d)ar
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t
fot SEy e~ o Gr+W+a)drqr 5 0 since those model parameters and exponential functions are positive.
t
9. From % =uly — ArA — (d + dy)A its solution is A(Y) = eho(r+@+dm)de
t
fot uly e~ Jo(r+@+dm)dryr 5 o since those model parameters and exponential functions are positive.

10. From % = AprS + ArEy — (@ + Iy its solution

t t
is Lyp(t) = el @D (14,05 + A7Ey) e @+ D44t > 0 since those model parameters and

exponential functions are positive.

t
11. From %L = A1y + ArA + @lyr — (d + dyr)A; its solution is A (t) = eh@+undr [ 1, +

t
ApA + @lyp) e Jo@+aundTqr 5 0 since those model parameters and exponential functions are

positive.
Hence all the parameters and state variables are positive.
24 Boundedness of the Solution

Theorem 2: If Q={(S,Er,Ls, L, Ir, R, Ey, Iy, A, Iyr, Ar) € R S() + Er(0) + Lp(0) + L(®) + I (D) +
RO+ E;t)+ Ix(t) + A) + Iyp(t) + Ar(t) = N(t)} is the feasible region of dynamical system (1) —
(11) then the solution of the dynamical system (1) — (11) ((S,ET,Lf,LS,IT,R,EH,IH,A,IHT,AT) € Q) for

all t = 0.

Proof: The total population in our model is denoted by N and divided in to eleven sub-classes which are
denoted by S,Er, Ls, Ls, I, R, Ey, Iy, A, Iyr, Ar. From this we have N(t) = S(t) + Er(t) + Lg(t) + Ls(t) +
I:() + R(E) + Ex(t) + Iy(t) + A(t) + Lyp(t) + A7 (D).

dN as dET de dLg dalt dR dEy dly dA dlgr dAT
And thus &Y = 95 | dBr  dby | dbs \ div | 4R | dEy | dip | dA 4 dlnr | ddr
dt dt + dt dt + dt + dt + dt + dt + dt + dt dt + dt

That is 'Z—IZ =A—dN —d;l; — dyA — dyrAr < A — dN. After some calculation we gate

-1
N(t) < %(A - eT(”C)), for any constant ¢ = —d In(A — dN,) at any initial point N(0) = N, = N(t) <

-t -t
3(1 - eF) + Nyea. This shows that all solutions in Q remain in € for all time t > 0.

25 Disease-Free Equilibrium

The disease-free equilibrium point is obtained by setting the right-hand sides of the dynamical system (1) — (11)

equal to zero with assumption I = Iy = Iyr = Ay = 0 and obtained Eyry = (;—\, 0,0,0,0,0,0,0,0,0,0).

2.6 Basic Reproduction Number
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The basic reproduction number R, is defined as the effective number of secondary infections produced by a
single infectious individual introduced in a wholly susceptible population during his or her entire infectious
period [3]. This definition is given for the models that represent spread of infection in a population. We
calculate the basic reproduction number by using the next generation operator method on the dynamical system

(1) — (112). In the dynamical system (1) — (11) the rate of appearance of new infections F and the transfer rate of

individuals V at the disease-free steady state Eyry = (2, 0,0,0,0,0,0,0,0,0,0) is

Bih - Balh

0 0 00 8% o o0 o
Nd Nd Nd
0 B BA BA o g g o B2 BA
Nd dnN Nd Nd Nd
0 0 B4 BA G o o0 0 0 o0
Nd Nd
g_|0 0 0 0 00 0 0 0 o0
0O 0 0 0 00 0 0 0 o0
00 0 0 00 0 0 0 0
00 0 0 00 0 0 0 0
00 0 0 00 0 0 0 0
00 0 0 00 0 0 0 0
00 0 0 00 0 0 0 0
V =
w+d 0 0 0 0 0 0 0 0 0
0 S+d 0 0 0 0 0 0 0 0
0 0 o¢+d 0 0 0 0 0 0 0
0 0 —p  d+dyy 0 0 0 0 0 0
—pw 0 0 0 p+a+d 0 0 0 0 0
-1-pw 0 0 0 0 e+e+d 0 0 0 0
0 0 0 0 —a —  nw4+d+d, -0 0 0
0 0 0 0 —p —& -7 @ +d 0 0
0 -5 0 0 0 0 0 pu+d 0
0 0 0 0 0 0 0 0 —u  d+dy
and
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V—l
1
—_— 0 0 0 0 0 0 0 0 0
w+d
1
0 _— 0 0 0 0 0 0 0 0
6+d
1
0 0 —_— 0 0 0 0 0 0 0
o+d
0 0 1 0 0 0 0 0 0
a
B d4dyy
1
= a 0 0 0 0 0 0 0 0
51 p+a+d
1
a 0 0 0 0 0 0
61 et+e+d
a; 0 0 0 as a6 a;;  Qgg 0 0
agy 0 0 0 ags Qgg Qg7 Qgg 0 0
0 6 0 0 0 0 0 0 ! 0
G+d)(u+d) u+d
0 0 0 0 0 0 0 s !
a
102 (u+d)(d+dy) d+dy
_ [ _ pw _ (1-pw
Where a,; = (p+d)( d+dy7)’ as1 = (w+d)(pt+a+d)’ de1 = (w+d)(e+e+d)’
_ pw(ete+d)[a(0+d)+p0]+(1-p)w(p+a+d)(e(0+d)+0¢]
a71 = (w+d)(p+a+d)(s+e+d)[(m+d+dy)(0+d)—0m] !
_ pw(etet+d)|an+p(m+d+dr)]+(1-plw(p+a+d)|en+e(m+d+dr)]
dg1 = (w+d)(p+a+d)(e+e+d)[(w+d+d)(0+d)—0m] !
_ a(6+d)+p0o _ p(m+d+dr)+an
475 = rard)[(rrd+dp)@+d)—6n] 985 ~ (pratd)[(+d+dr)@+d)—67]
_ €(0+d)+e0 _ (6+d) _ en+e(m+d+dr)
d76 = (ete+d)[(m+d+dr)(0+d)-6m]’ 477 = (m+d+d7)(O+d)-16 '’ dge = (et+e+d)[(m+d+dr)(0+d)—6m]’
gy m g 0 (m+d+dT) and

= m+d+ap)(@+d)-n6’ = (ererd)[(nrd+dr)O+d)—6m]’ 488 = rid+dr)(@+d)—6m

— Su
@02 = Gramadray e

B1A p1A prA B1A p1A B1A
—a 0 T —_————— —Qa —a —a —a 0 0
dN 7t * dN(d+dy;) dN 7 dN 7 dN 77 dN B
BoA B2 A
0 — 0 0 0 0 -
T UGN+ dygp) s AN + dy)
B3 A
0 0 73 —o—"— 0 0 0 0 0 0
— ° dN(d + dyr)
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
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_ B B2AS B2ASp _ B B2A¢ ___B3A
where 7, = , Ty = , T3 =——
AN(6+d) | dAN(S+d)(u+d) | dN(S+d)(u+d)(d+dy) dN(p+d) = dN(p+d)(d+dyT) dN(p+d)
B3Ag@ ___BiA BiA _ B2 B2 Ap
Ty = and 7z = .
dN(p+d)(d+dyT) dN(p+d) | dN(@+d)(d+dyT) dN(u+d) | dN(ut+d)(d+dgy)

From which, we obtain FV~'and compute the reproduction numberof the dynamical system, as the spectral

radius or the dominant Eigenvalue given

by p(FV™Y) = Ry = max{Ro(rg), Ro(uv/aips)» Ro(iv/aips—T8 co-infection)} ; Wwhere,

R _ pwPhiA(e+e+d)[a(60+d)+pO0]+(1-p)wPB1A(p+a+d)[e(6+d)+0¢] R _ BaA ( é +
o(rB) dN(w+d)(p+a+d)(e+e+d)[(m+d+dr)(0+d)—0m] : O(HIV/AIDS) ~ gn(s+a) (ut+d)

__ow , o _BA 1 e

(Md)(de)) and  Royiv/aips—TB co—infection) = ™ ((pm + ((pm)(dmm)) . The threshold parameters

Ro(rey, Rouiv/aipsy @ Roqyiv aips—TB co-infection) A€ defined as the basic reproduction numbers due to TB,

HIV/AIDS and HIV/AIDS-TB co-infection respectively.
2.7 Endemic Equilibrium Point

Endemic equilibrium point is steady-state solutions where the disease persists in the population and is obtained
by setting the right hand side of the dynamical system (1) — (11) equal to zero. Thus we get the HIV/AIDS-TB

co-infection endemic equilibrium point in terms of A%, A}, and Ay are

A ATA ATAp® ATA(L-plw
M+ (0+d) A +A5 A +d) | (pratd) (0+d) A +A+Ar+d) | (etetd)(0+d) Ap+Af+ALr+d)

EHT=(

1 (x(0+d)+pB)pw . (e(B+d)+0)(1-plw ATA 1 [ ppw e(1-p)w
(m+d+dT)(0+d)-6m (p+a+d) (e+e+d) (0+d) (AT +A+Afgp+d) " (0+d) “p+atd) — (e+et+d)

T [(oc(9+d)+p9)pu) (e(6+d)+es)(1—p)m]] ATA
(m+d+dT)(0+d)-6m (p+a+d) (e+e+d) (w+d) AT +Af +AGr+d)
A A AS A ASp
AT +8+ D) AT A AT+ " A +r+d) Ap+8+d) AT +A; +ALr+d) T Ap+d+dy) AT +r+d) A +8+d) AT +A; +Afr+d)
1 AfTA ATAGA 1 ( ATAGAS n
(@+d) \AMp+Ag+Afr+d (AT +8+d) (AT +AL+Afp+d) ) ' (d+dgr) “Ap+p+d) AT+8+d) W+ +Ag+d)

MeAjASH L@ ( A MeAfA )
Ar+d+dp) Ap+p+d) AT +8+ D) AT+AG AT +d)  (@+d) AT+AL+Ap+d  AT+8+A)AT+AL+Ap+d)

To show the existence of the interior endemic equilibrium point we can use the normalization techniques by

' S o By g L _ T _R =Em g oA, T _Ar -
letting s=_,er= N’lf_ N,ls—N,lT—N,r—N, ey =y =4 a=1lgr =—.ar = —, Ar, =
ﬂl(iT + iHT + aT), /’{H* = ﬁz (eH + lH +a+ iHT + aT), A(HT) N = ﬂ3(iHT + aT) y then the normalized SyStem

are

der

T /17:,(1 —9gs— igr —ar) — (0 +d)er (12)
% =pwer — (p+a+d)lf (13)
% = (1 -plwer — (e + €+ d)l; (14)
8T = alyp + el + 0r — (n + dp + )y (15)
== ply + el + iy — (6 + d)r (16)
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dey

a Ay, (L= gs— iur —ag) — (6 + Ag, + dey 17)
= dey = (r + p+ Dy (18)
& = piy — (Ar, + dy + d)a (19)
d;# =Aury, (1 — ga — igr —ar) + Arey — (¢ + d)iyr (20)
B = Ariy + Ar,a + @iyr — (d + dyr)ar (21)

With 2% = A—dN = drly — dyA — dyrAr = 5 = %(% —dN — dply — dyA — dHTAT)

(% —d—drir —dya— dHTaT) N =0.

A . . . .
E:d+dTlT+dHa+dHTaT andszl_(eT+ lf+ ls+lT+T+eH+lH+ a)_ lyr — ar.

By equating equation (20) and (21) equals to zero and solving ifr , we gate

From :;:T = ﬁ3("HT + aT) ((1 - eT - lf - lS - lT -Tr—- eH - I’H - a) - I’HT - aT) + ﬁl(l‘T + I‘HT +

ar)ey — (@ + diyr =0

(1= g4)Bs + Brey — (@ + d)) iyr — 2Bsiyrar + ((1 —9g4)fs + .BleH)aT — Bs(inr) > — Bs(ar)® +
Breyir =0 (22)

From dd% = AT*iH + AT*a + (piHT - (d + dHT)aT =0

Briyir + Brigiyr + Briyar + Prair + fraiyr + fraar + @iy — (d+dyr)ar =0

_ Bainir+paair+(Brin+Biat+e)inyr (23)

=>a
T ~B1ig—PBra+(d+dyr)

Substitute (23) into (22) we gate

_ _ . . Piigir+prair+(B1in+B1a+@)inT _ I T Y
(A= ga)pBs + prey — (@ + ) iyr — 2P3inr B —Brat(dtdan) +((1 er— lp—li—ir—r

Biigir+B1airT+(B1in+B1a+@)inT Ba(iyr) 2 — Bs (B1iHiT+B1aiT+(l3'1l'H+B1a+<P)iHT)2 +

en —in = a)ps+ ey ) ~Brin-Bra+(d+dpr) ~Brin—Bra+(d+dpr)

Piegir =0
93(igr) > + gaigr + g, =0

g1 =— ([((1 —g4)Ps + ﬁ1eH)(.31iH + pra—(d+ dHT)) + 2B3B, (iyir + aiT)][d +dyr + @] +

(9 + D) (Baiy + fra— (@ +dyp)’),
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g2 =—[A1 -9y +a)ps + (d+ dHT)eH](ﬁliH +fia—(d+ dHT)).BliT — Bs(Byiyir + Prair)* . gz =
ﬁS(ﬁliH +pfia—(d+ dHT))[SﬁliH +3pa+2¢ — (d+dyr) | = Bs(Byiy + fra + ¢)? and g, = er+
e+ li+ir+r+eg+iy+ a

Then for the case ;Tf“ >0, (g91)%> — 4959, = 0, the unique interior endemic equilibrium point i, exists
3

which is . i :[((1—94)l>’3+b’1EH)(ﬂﬂ'H+ﬂ1a—(d+dHT))+2ﬁ3ﬁ1(iHiT+al'T)][d+dHT+<P]+(<P+d)(ﬁ1l'H+ﬁ1a—(d+dHT))2 when
OHT 263((B1in+B10)—(d+dp7))[(3B1in+3B1a+29)—(d+dyr) |-283(B1in+B1a+¢)? ’

er>0,1>0,1,>0, ir >0,7r>0,ey >0,iy >0anda>0, that is for the cases when Ryrp > 1,

Rourvyaipsy > 1 and Roiv/aIDS—TB co—infection) > 1. An endemic equilibrium iz > 0 exists provided R, >
1, where R, is the number of secondary TB or HIV/AIDS or HIVV/AIDS-TB co-infections due to a single TB or
a single HIV/AIDS or HIV/AIDS-TB co-infective individual. The basic reproduction number R, is given

by Ry = max{Ro(rg), Ro(uiv/aips)» Ro(HIV/AIDS—TE co—infection)}:

2.8 Local Stability of the Disease Free Equilibrium

Theorem 3: The disease free equilibrium point Eyry = (fi—\, 0,0,0,0,0,0,0,0,0,0) of the dynamical system (1) —

(11) is locally asymptotically stable if R, < 1 whereas unstable.

Proof: The Jacobean matrix of the dynamical system (1) — (11) at the DFE point Eypy = (;—\, 0,0,0,0,0,0,0,0,0,0)

is:
](EOTH)
BiA Boh oA B
-4 0 0 0 7N “Nd Nd  Na s o
B B BiA
0 pw 3 0 0 0 0 0 0 0 0
0 1-pw 0 14 0 0 0 0 0 0 0
0 0 a € Ty 0 0 0 0 0 0
=1 0 0 p € T —(60+4d) 0 0 0 0 0
B Boh BA BoA
0 0 0 0 0 0 2 Ng Nd  Nd Nd
0 0 0 0 0 0 §  —(u+d) 0 0 0
0 0 0 0 0 0 0 M —(d+dy) 0 0
0 0 0 0 0 0 0 0 0 Tyq BsA
Nd
0 0 0 O 0 0 0 0 0 Q —(d +dyr)

Whereto = —(2 4224 B2 7 = By B By 0 = —(ptat+d)to=—(e+e+d), To=—(m+

d+dy), 11, =22~ (p+d)and 1y, =222 — (5 + d)

Nd dN

The corresponding characteristic equation of the above Jacobian matrix
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—d—2 0 0 0 _Baa 0 _BA o _BA A T,
dN Nd Nd Nd

0 —(w+d)—-1 0 0 B:h 0 0 0 0 Bud  fud
Nd Nd Nd

0 pw =1 0 0 0 0 0 0 0 0
0 1-pow 0 Tg—4 0 0 0 0 0 0 0
0 0 a € Tio— A 6 0 0 0 0 0
0 0 p € T —@+d)-212 0 0 0 0 0
0 0 0 0 0 0 Ty — A Ba2A BaAA Ba2A B2
Nd Nd Nd Nd

0 0 0 0 0 0 5 T3 0 0 0
0 0 0 0 0 0 0 U T, 0 0
0 0 0 0 0 0 0 0 0 1,-2 22
0 0 0 0 0 0 0 0 0 0 T

0 y Whel'e T3 = _(ﬂ + d) - ﬂ, T4 = _(d + dH) - /1 and Tig = _(d + dHT) - /1

After some calculations and using Routh Hurwitz stability criteria we get all the root of the characteristics
equation are negative if R, < 1 and some of the eigenvalues are positive if R, > 1. Therefore the disease free

equilibrium point of the dynamical system (1) — (11) is stable if R, < 1 and unstable if R, > 1.

29 Global Stability of the Disease Free Equilibrium

Theorem 4: If the disease-free equilibrium point Eyry = (3 0,0,0,0, 0,0,0,0,0,0) of the dynamical system (1) —

(1) is globally asymptotically stable when
_ w 10 e(1-plw T
(1 )A + ATS o By + PR By s (aly + eLo + OR) + oo (pLy + el + mlp) +
u QAHT QAT At Ar [
(6+d> AnS + (u+d) Eut @am 1 Y v T ora B @ragn 1 Y @rapn A T e T

(1—&)(AT+/1H+/1HT+d)S+pwET+aLf+eL +7ly + OR +

SAT
(6+a)

<

A+A+@lyr +Ar

(+d) (dd)

Proof: We define the Lyapunov function V: R1* - R, by:

Lg +

pw a €
( - S(O) - S(O) In S(O)) + W2 oty (w+d) E + Us (p+a+d) Lf + Uy (e+e+d) S

s
L= Us rrdrdr) Ir+

_5 K _r _¢ -t
Us Gaay R U7 Gy Bt 0 gy T+ o G A+ o gy T ot s Ar
Thus we get L is continuous function for all (S, Er, Ly, Ly, I, R, Ey, 1y, A, Iyr, A7) € R3 and has 1% order partial
derivatives and L has minimum at E, , finally we calculate the time derivative of

L(S,Er, Ly, Ls, Ir, R, Ey, Iy, A, Iyr, Ar) along the solution path yields

S(0) ds pw dET a dL e dL m dir
wu(=———= U, — + uy —f+u4 b Yg——
daL _ dt S dt (w+d) dt (p+a+d) dt (e+e+d) dt (n+d+d-p) dt
dt 6 dR § dEy @ diy 1 dA @ digr 1 dAr
6 - 7 — 9 T U0 TS 11 —
(6+a) dt (6+d) dt (u+d) dt (d+dpy) dt (p+d) dt (d+dyT) dt

. dL
After some calculation we gate == L, — L, where
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Ll -
S(0) apw e(1-p)w T
(1- )A + B Ay S + S By + PR B+ T (aly 4 el + 0R) + s d) (pLy + €Ly + ly) +
ué i PAHT QAr Ar Ar @
(6+d> AuS t o En + (d+dp) Iy + <<p+d>5 + (p+a) 7 (a+dgr) ' (d+dyr) (d+dyr) lur

(1—&)(/%+AH+AHT+d)S+pwET+aLf+eL +7ly + OR +

0 and L, = > 0.

O g+ SE, + " T+l +

o A+ A+ @lyr + Ap

(dd)

Therefore we conclude that ifL; <L, then < 0 which implies the diseases free equilibrium point of the

dynamical system (1) — (11) is globally asymptotlcally stable.
2.10 Local Stability of the HIV/AIDS-TB co-infection Equilibrium Point

Theorem 5: If the HIV/AIDS-TB coinfection endemic equilibrium point ET#of the dynamical system (1) — (11)
is locally asymptotically stable then R, > 1.

Proof: The Jacobean matrix of the dynamical system (1) — (11) at the HIVV/AIDS-TB coinfection equilibrium

point ETHis
-+ 4d) 0 0 0 —-d, ©0 -d, —d, —d, —ds —ds
A —b, 0 0 d, 0 0 0 0 d, d,
0 pw b, 0 0 0 0 0 0 0 0
0 l1-pw 0 —b; O 0 0 0 0 0 0
0 0 a € -b, 6 0 0 0 0 0
J(ET™) = 0 0 p € T —bg 0 0 0 0 0
A4 0 0 0 —e 0 dy—fi ds dy —fs dy
0 0 0 0 —e O § —f, O —e, —fs
0 0 0 0 —e; O 0 u  —f3 —e3 —e3
At 0 0 0 e 0 Ar 0 0 bg—d, bg
0 0 0 0 fa 0 0 A A fate@  fo— b

Where dy =%15", d, = 525", dg = ( +"’2+[”3)s*f1_,1T+5+d dy=¢@+d by=w+d, by,=p+
a+d, b3:€+6+d, b4:ﬂ+d+d7‘, b5:9+d,fzle+H+d,f3:lT+d+dH, bgz%s*,f‘l_:

(I + A )‘81 fs = b ~lie = %E;f,,e2 = %I;‘,, e; = %A* and by = (d + dyr) are positive parameter.

The corresponding characteristic equation of the above Jacobian matrix
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T1g 0 0 0 —d, 0 —d, —d, —d, —ds —ds
r —b—42 0 0 dy 0 0 0 0 d, dy
0 pw —b, — 1 0 0 0 0 0 0 0 0
0 (1-pw 0 —b;— 1 0 0 0 0 0 0 0
0 0 a € —b,— 1 0 0 0 0 0 0
0 0 P £ T —bs—1 0 0 0 0 0l=0

Ay 0 0 0 —e; 0 Ty7 ds d, d; —fs d,
0 0 0 0 —e, 0 § —f,—4 0 —e, —fs
0 0 0 0 —e; 0 0 U —f3—4 —eg —e;

Aqr 0 0 0 e; 0 Ar 0 0 T1g bg
0 0 0 0 fa 0 0 Ar Ar fato T

Wher6T16=—(/1*H+d)—/1T17=d2—f1—/1,'[18=b8—d7—land‘[19=ﬁ—b9—l

After some calculations and using Routh Hurwitz stability criteria we get all the root of the characteristics
equation are negative if R, > 1. Therefore the HIV/AIDS-TB co-infection endemic equilibrium point of the

dynamical system (1) — (11) is stable if R, > 1.
211 Global Stability analysis of Interior Equilibrium Point

Theorem 6: The HIV/AIDS-TB co-infection endemic equilibrium point ETHof the dynamical system (1) — (11)

globally asymptotically stable
I( (1—5)A+(1——)ATS+<1——)pwET (1——)(1—p)wET \I
|f< (1-) (aty +eLs + 0R) + (1 =) (pLy + eLs + mlp) + (1= 22) 25 + % <

1) 6By + (1)l + (1= 122) DigrS + ArEy) + (1= 25) Drly + 274 + @lir])

(1—%*)[(/1T+/1H+/1HT)S+dS]+(1——)(w+d)ET (1—%)(p+a+d)Lf+
(1-=)C+erdls+(1-L)r+d+dnir+(1-5) @+ DR+
(1__)[/1TEH (6 +d)Ey] + (1__)[/1TIH+(M+d)IH]+

(1-2)[Ard + (@ + dp)A] + (1 - ;Z—;) (¢ + Dlyr + (1 - ;) (d + dyp)Ay

Proof: We define the Lyapunov function L: R1* - R,

s Er L
ul(S—S - S ln( ))+u2<ET_ET _ET ln( >>+u3 Lf_Lf _Lf In +
S* E;* Lf
* * LS * * I R
Uy (LS — Ly — L In (—*)>+u5 (IT—IT —Ir ln( )) + ug (R R*—R*In <—>)+
L, I R*
.. (Ey Iy A
Ey L A

I A
" <1HT I — T In <1HT>> +uyy (A A%y — A% In (Af ))
HT

Thus we get L is continuous function for all ET# € R and has 1% order partial derivatives and L has minimum

L(E™) =

25



International Journal of Sciences: Basic and Applied Research (IJSBAR) (2021) Volume 55, No 2, pp 11-34

at ETH, finally we calculate the time derivative of L(ETH) along the solution path yields % =L;—L,

Where
(1-S)a+( —E—T*)AT5+ (1 —i>pwET +(1 ——) (1 —p)wEy +
Ly = (1——)(aLf+6L +6R) + (1-2) (pLy + €L, +n1T)+(1—— AuS +
|
((1 - ’I—H) SEy + (1 - 7) uly + ( - E) [AurS + A7Ey] + (1 - —) Arly + ArA + @lyr] )

and so

5" E, L'
(1 - —) [y + Ay + Ap)S + dS] + <1 - E—) (0 + DE; + (1 - —) (o +a+d)L, +
T f

L I R
1—L— (S+E+d)LS+ 1—1— (T[+d+dT)IT+(1_E)(9+d)R+
T

N

~
KN
I
A

r>0

(1 - ZL) [ArEy — (6 + d)Ey] + <1 - [[L) (Arly + (u + d)ly] +

*

(1 - AZ) [ArA + (d + dy)A] + (1 - Z’—:) (o + DIy + (1 - %) (d + dyr)Ar

dL(E

Therefore we conclude that  if Ly < L, then, 5 < 0 which implies the HIV/AIDS-TB co-infection

endemic equilibrium point is globally asymptotically stable.
3. Parameter Estimation

In this section we give numerical simulation for the dynamical system (1) — (11) for the purpose of verifying the
analytical results. This is done by using a set of parameter values whose sources are obtained from WHO, CDC

and Minister of health of Ethiopia
Parameter Estimation for Numerical Simulation

To perform numerical simulation and sensitivity analysis we collect the following parameter values obtained

from different sources.

Estimation of basic reproduction number R,

pwPBiA(e+e+d)[a(0+d)+pO]+(1-p)wP1A(p+a+d)[e(0+d)+0¢]

dN(w+d)(p+a+d)(e+e+d)[(m+d+dr)(0+d)—07] = 0.00012441,

Rorey) =

_ B2 8 Su _
Rogrv/as) = dN(5+d) (1 + (u+d) + (u+d)(d+dH)) = 11.1847 and

B @
Ro(1v/AIDS—TB co—infection) = — ((pm + m) = 34.8648

From this value of basic reproduction number Ry(rpy = 0.00012441 < 1, Ry(yry/aipsy = 11.1847 > 1and
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Ro(HIV/AIDS—TB co-infection) = 34.86475 > 1 which implies that the individuals infected by HIV/AIDS-TB co-
infection disease are increased in the community and HIV/AIDS-TB co-infection is influenced the HIV/AIDS

dynamics than TB dynamics.

Table 1: Parameter estimation

Parameter Symbol Value Source
recruitment of individuals to the susceptible class A 3013010 Calculated
Transmission coefficients for TB b1 0.00151 [5]
Transmission coefficients for HIV B, 0.24 [5]
Transmission coefficients for HIV-TB B 0.74 [22]
progress rate from HIV-exposed to the HIV-infected é 0.021978 Calculated
class
progress rate from HIV-infected to the HIV-infected u 0.62097 [6]1&[8]
with AIDS stage
progression rate from exposed to latent infection ) 0.0238095 Calculated
Probability of progression rate from exposed to fast pw 0.02142855 Calculated
latent infection
Probability of progression rate from exposed to slow | (1 —p)w 0.00238095 Calculated
latent infection
Linear recovery rate from fast latent to recovered by p 0.99474 Calculated
post exposer vaccination
Linear recovery rate from slow latent to recovered by £ 0.000365297 | Calculated
post exposer vaccination
Infectious rate from fast latent to infection a 0.0052632 Calculated
Infectious rate from slow latent to infection € 0.9996347 Calculated
Treatment rate from infectious to recovered T 0.96 [5]
progress rate from HIV-infected co-infected with active Q 0.88 [5]

TB to the HIV-infected with AIDS stage co-infected

with active TB

recurrence rate from recovered TB to infectious TB 0 0.000014 [5]
Natural death rate d 0.077 [7]

TB induced death rate dr 0.00024 [6]
HIV/AIDS induced death rate dy 0.015942 [8]
HIV-TB induced death rate dur 0.002 [5]

The parameter K 2041.94 Calculated

4.Numerical Analysis

The numerical analysis is obtained from the graphs of basic reproduction number with respect to the parameters

obtained and given in Table-1. Transmission coefficients for HIV/AIDS-TB co-infection S,

Case 1: Graphical representation of the basic reproduction number Rowiv/aips-TB co—infection) VErSUS
transmission coefficients for HIV/AIDS-TB co-infection f;

Ro(HIV/AIDS—TB co-infection)(B3) = 47.114523568 * f;

and keeping other parameters constant,
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Case 2: Graphical representation of the basic reproduction number Ry, 41ps) Versus transmission coefficients

for HIV/AIDS-TB co-infection f; and keeping other parameters constant, Ry v aips) = 15.56671f5

For these two cases (1 and 2) the graphical representation of the basic reproduction number in

(Rourv/aps—T8 co-infection) B3) and (Rouv aips) Bs) . -plans shown below in figure-2 and figure-3

respectively.

/
Ro(coinfecti Rotloinfection) (B) = 47.114523568 = B
(coinfectign) I‘!Cr 3 3 Rogary 1o, Ro(uvydips) = 15.56671P5
/
.’f
/ P
/ O(coinfection)™
7 Rouiv/aips)=1
/ .
|
/ I
a’ |
B, 0.06424 7

Figure 2: Basic reproduction number

Ro(HIV/AIDS-TB co-infection)VEISUS Transmission

coefficients for HIV/AIDS-TB co-infection S5

Figure 3: Basic reproduction number

Rouiv/aips)Vversus Transmission coefficients for

HIV/AIDS-TB co-infection 35

Figure-2 shows that the basic reproduction number

Ro(HIV/AIDS-TB co-infection) < 1 when f3 <
0.0212249 and Ro(uiv/AIDS—TB co—infection) > 1 When Bz > 0.0212249 and figure-3 shows that the basic

reproduction number Rov/aipsy < 1 when B3 < 0.06424 and Ry aips) > 1 When 3 > 0.06424

Case 3: Graphical representation of the basic reproduction number Ry rp) versus transmission coefficients for

HIV/AIDS-TB co-infection 3 and keeping other parameters constant, Ry(rpy = 0.000168117f;

Case4: Graphical representation of the basic reproduction number Rowrv/aips-TB coinfection) VEISUS Progress
rate from individuals infected both HIV and TB to individuals infected both HIV with AIDS who are taking
Antiretroviral treatment and active TB ¢ and keeping other parameters constant,

1 @ )
0.077+¢ = (0.077+¢)(0.079)

RoGHIV/AIDS=T co-infection) = 0-274857090678 (

For these two cases (3 and 4) the graphical representation of the basic reproduction number in

(Rocrsy, B) and (Rourv/aips—TB coinfection) @), -Plans shown below in figure-4 and figure-5 respectively.
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Rore

RO(TB) =1

Ro(rs) = 0.000168117 5
Bs

Figure 4: Basic reproduction number Ry rpyversus Transmission coefficients for HIV/AIDS-TB co-

infection g,
Rﬂ(coinfectz‘on)

\ Rﬂ(r:oinfer:rr'on} =1
I\ :07?485?0906?8( !, s )
|\ Ueoinfection) = T2 0077+¢  (0.077 + 9)(0.079)

AN

e
T

— |
1 1

0.20225 4

Figure 5: Basic reproduction number Roiv/aips—TB co—infection) VEISUS Progress rate ¢

Figure-4 shows that the basic reproduction number Ry(rgy < 1 for any value of 5 and Figure-5 shows that the
basic reproduction number Ro(HIV/AIDS-TB co—infectiony < 1 ~ when ¢ >0.20225 and

Ro(HIV/AIDS-TB co—infection) > 1 When ¢ < 0.20225

Case-5: Graphical representation of the basic reproduction number Romrv/aips—TB co-infection) VErsus natural

death rate d and keeping other parameters constant,

R 22296274 ( 1 0.88 )
O(HIV/AIDS—TB co-infection) — 41,105350020 \d+0.88 ' (0.88+d)(0.002+d)

Case-6: Graphical representation of the basic reproduction number Romiv/aips—TB co-infection) VEISUS

HIV/AIDS-TB  co-infection induced death rate d;y and keeping other parameters constant,

Ro(H1v/AIDS_TE co—infectiony = 0.27485709068 (1.1363636364 +

0.91954—02299)
(0.077+dyT)

For these two cases (5 and 6) the graphical representation of the basic reproduction number in

(Ro(u1v/AIDS—TB coinfection)» @) @A (Ro(kiv/aIDS—TB co-infection) dur), -Plans shown below in figure-6 and

figure-7 respectively.
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Rﬂ (coinfection)

RU{cm'nfectfon] =1

" 12096274 ( 1 0.88
| leefeeto) = 4, 105350020 \d + 088 (0.88 +4)(0.002+d)

d

Figure 6: Basic reproduction number Rorv/aIps—TB co—infection) VErSUS Natural death rate d

RU(coi'rrfe(ﬁuri)

Ro(cornfecﬁon) =1
0.9195402299
(0.077 + dyr)

Ro(confecsion) = 0.27485709063(1.1353536354 +

dHT

Figure 7: Basic reproduction number Ro v AIps—TB co—infection)VErsus HIV/AIDS-TB co-infection induced

death rate dy
5. Sensitivity Analysis

To determine how best we can do in order to reduce human mortality and morbidity due to HIV/AIDS-TB co-
infection, it is necessary to know the relative importance of different factors responsible for its transmission and
prevalence. Sensitivity indices allow us to measure the relative change in a state variable when a parameter

changes.

Definition: The normalized forward sensitivity index of a variable, u , that depends differentially on a

parameter, p is defined as:

Yy = sxg—z. From the analysis in the previous section, we can see that the basic reproductive
NUMBEr Ry (y1v/AIDS—TB co-infection) PI2YS an important role in predicting HIV/AIDS-TB co-infection

transmission and it prevalence. Therefore, we perform a sensitivity analysis to determine how

Ro(H1v/AIDS=TB co-infection) Varies due to the uncertainty in the estimation of parameters used in the dynamical
system. Since we have calculated a formula for Ry 1y aips—18 co-infection): WE NOW derive an analytical

expression for the sensitivity of Ry aips_18 co-infection) 10 €aCh Of the parameters using

" Ro(HIV/AIDS—TB coinfection) _ q x a Ro(HIV/AIDS—TB coinfection)

1 RO(HIV/AIDS—TB co—infection) aq

If the result is negative, than the relationship between the parameters and Roiv/aiDs—TB co-infection) IS
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inversely proportional that is negative sensitivity index having larger modulus corresponds with
small Rouiv/AIDS-TB co—infection)- ON the one hand, a positive sensitivity index means that an increase in the
value of a parameter would increase Rouiv/aips—TB co—infection)- S0 the sensitivity indexes of the HIV/AIDS-

_ﬁ3A(1 + P )

TB co-infection reproduction number Roiv/aIps-TB co-infection) = v Grat raarann

R _ _i i A1
l. l,b 0(HIV/AIDS—TB co—infection) — B3 x_( + 7] ) — 026923237
B3 Ro(HIV/AIDS-TB co—infection) AN \@+d = (¢+d)(d+dnT)
2 wRO(HIV/AIDS—TB co—infection) __ @ [?3_/\( —-d (<P+d)(d+dHT)—<P(d+dHT)) _
) ¢ Ro(HIV/AIDS—TB co—infection) AN \(¢+d)? ((p+a)(d+dur)) 2
0.018307
Ro(HIV/AIDS-TB co—infection) __
3.y -
d A dp+d?)  o((p+d)(d®+ddyr)+(dp+d?)(d+duT)
pan (_ (avea?) _ pltora JH(do+d) ) = 049422156
Ro(HIV/AIDS-TB co—infection) AN (p+ad) ((p+a)(d2+ddpT))
R _ —i i d —B3A +d
4. l/)do(HIV/AIDS TB co-infection) _ HT x BsAp(p+d) = —0.00625447829
HT Ro(HIV/AIDS-TB co—-infection) dN((@+d)(d+dyT))

So that we have the following sensitivity index table

Table 2: Sensitivity analysis

Parameters Values of sensitivity index
B 0.26923237
Q 0.018307
d —0.49422156
dyr —0.00625447829

6. Results

We discussed on the system of non-linear ordinary differential equation to study the dynamics of HIV/AIDS,
TB and HIV/AIDS-TB co-infection. Under this we take an appropriate mathematical model on the epidemic of
HIV/AIDS, TB and HIV/AIDS-TB co-infection and we found that an important aspect of mathematical
epidemiology ~ which is known as basic reproduction number  Rocrg), Roguivjapsy  and
Ro(HIV/AIDS—TB co-infection) 1S determining how to spread and control HIV/AIDS, TB and HIV/AIDS-TB co-
infection. We observed that when the HIV/AIDS-TB co-infection basic reproduction number R, =
max{Rorg ), Rouiv/aips) Roiv/ains-TB co—infectiony} < 1, the disease free equilibrium point is locally
asymptotically stable. When Ry, = max{Rorg ), Rouiv/a1ps)» Ro(HI1v/AIDS—TB co—infectiony} > 1, the disease free

equilibrium point is locally asymptotically unstable and the endemic equilibrium point is asymptotically stable.
7. Discussions

In this study we adopted and extended the appropriate mathematical model on the dynamics of HIV/AIDS -TB
co-infection and we found that an important aspect of mathematical epidemiology which is known to be basic

reproduction number R, which determines how HIVV/AIDS-TB co-infection spreads in the country and how to
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control it. In our modified model we have derived the basic reproduction number R0=f—$(ﬁ

¢

7) which depends on six parameters. We also found that the numerical value of the basic
(p+d)(d+dnyT)

reproduction number based on some collected data from Ministry of health of Ethiopia and standard data taken
from different sources like WHO and CDC is R, = 34.8648. From the result and numerical analysis figure 2, 3
and 4 shows the transmission coefficient for HIV/AIDS-TB co-infection 83 has positive effect on the basic
reproduction number Ry aipsy aNd Ro(uiv/AIDS-TB co—infectiony DUt have no significant effect on basic
reproduction number Ry rpy. We discuss about these control parameters in detail as follows. Figure-2 shows that
the basic reproduction number Roiv/AIDs—TB co-infectiony < 1 When transmission coefficient for HIV/AIDS-
TB co-infection B3 < 0.0212249 and Romiv/AIDS-TB co-infection) > 1 When transmission coefficient for
HIV/AIDS-TB co-infection f; > 0.0212249 and figure-3 shows that the basic reproduction number
Rouivjaipsy <1 when transmission coefficient for HIV/AIDS-TB co-infection p; < 0.06424 and
Rocuiv/aipsy > 1 when transmission coefficient for HIV/AIDS-TB co-infection f; > 0.06424. Figure-4 shows
that the basic reproduction number Rycrpy < 1 for any value of transmission coefficient for HIV -TB co-
infection B5. From figure 5 Progress rate from the class of individuals infected both HIV and TB to the class of
individuals infected both HIV with AIDS stage who are taking antiretroviral treatments and active TB ¢ is
negative effect on the basic reproduction number Ry /aips—TB co—infection)- 1his implies that from figure-5
the basic reproduction number  Roiv/aIDS-TB co—infectiony < 1 When progress rate from the class of
individuals infected both HIV and TB to the class of individuals infected both HIV with AIDS stage who are
taking antiretroviral treatments and active TB ¢ > 0.20225 and Rouiv/AIDS-TB co—infection) > 1 When
progress rate from the class of individuals infected both HIV and TB to the class of individuals infected both
HIV with AIDS stage who are taking antiretroviral treatments and active TB ¢ < 0.20225. This implies that if
the progress rate from the class of individuals infected both HIV and TB to the class of individuals infected with
both HIV with AIDS stage who are taking antiretroviral treatments and active TB ¢ increases then the
reproduction number Rourv/aips—TB co-infection) deCreases. Using real data collected from different sectors in
Ethiopia we found that the numerical value of the basic reproduction number is 34.86. This shows that
HIV/AIDS-TB co-infection spread in the society. Using sensitive analysis, we identify the most influential
control parameter is the HIV/AIDS-TB co-infection transmission rate 8;. The HIV/AIDS-TB co-infection

_ __ Effective number of contact for HIV/AIDS—TB co—infection . -
transmission rate B; = Total mumber of contact for HIV/AIDS—TB co—infection which numerical value to be 0.021.

But the real value of f5is 0.74, to be 0.74 in to 0.021 by fixing the number of contacts for HIV/AIDS-TB co-

infection we decrease the effective number of contacts for HIV/AIDS-TB co-infection 74 to 21. We also

perform numerical simulation based on real data collected from different health sectors in Ethiopia.
8. Conclusions

The purpose of this study was to develop a mathematical model for HIV/AIDS-TB co-infection dynamics.
Based on the data we have obtained unstable disease free equilibrium point, stable endemic equilibrium point
for both HIV/AIDS-TB co-infection dynamic and HIV/AIDS dynamic and the basic reproduction
number Rocrsy = 0.00012441 < 1, Ryyrvjaps) = 11.1847 > 1 and Ro(HIV/AIDS-TB co—infection) =
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34.86475 > 1, shows that the HIV/AIDS-TB co-infection influencing HIV/AIDS dynamics. We have shown
that the positivity and boundedness of the dynamical system, the existence, uniqueness, local stability and global
stability of the disease free equilibrium points of the HIV/AIDS-TB co-infection dynamical system. The
existence, uniqueness, local stability and global stability of the endemic equilibrium points of the HIV/AIDS-TB
co-infection dynamical system were analyzed. We have provided rigorous simulations to determine important

parameters and effective control strategies without necessarily carrying out clinical trials.
9. Recommendations

From the above results and discussion, we would like to recommend the following to control the spread of
HIV/AIDS - TB co-infection. To control the HIV/AIDS-TB co-infection disease in the community we make the

control parameter  fB; < 0.021 . The HIV/AIDS-TB co-infection transmission rate
__ Effective number of contact for HIV/AIDS—TB co—infection

33 Total number of contact for HIV/AIDS—TB co—infection

value of f;is 0.74, to be 0.74 in to 0.021 by fixing the number of contact for HIV/AIDS-TB co-infection we

which numerical value to be 0.021. But the real

decrease the effective number of contact for HIV/AIDS-TB co-infection 74 to 21 and make progress rate from
the class of individuals infected both HIVV/AIDS-TB to the class of individuals infected both HIV/AIDS with
AIDS stage and active TB ¢ > 0.20225.  Models which incorporate other protective measures such as
vaccination for TB infection, education of population and using condom for HIV/AIDS infection may be
considered for further research.

10. Limitations

There was a problem to get well registered data on HIV/AIDS-TB co-infection, TB infection and HIV/AIDS
infection.
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