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Abstract

We present a full proof of Hardy’s identity which is of course well known of all the people interested in this
field. Seemingly, there is no convenient reference, at least to our knowledge. This is what prompted us to try
the proof it.
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1. Introduction

A function f holomorphic on the unit disk D has a Taylor expansion

f(2) = Z a,z", z€D.

n=0

It is natural to estimate the integral means of univalent function on the unit disk D by applying Hardy’s
identity which is one of the most useful theoretical tools in complex analysis and specifically in complex

function theory as presented in Pommerenke’s work [1,2].

* Corresponding author.
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2. Hardy’s identity

Theorem (2.1) [Hardy's identity for I(r, ¢)].

Let ®(t) be a twice continuously differentiable function, ¥(¢t) = t%[td)(t)’(t)], 0<t<oo, letp(z) be a

holomorphic in the unit disk D and

I(r,) = % foznd>(|<p(rei9)|)d9, z=re?, 0<r<1,
which is the integral means of the modulus of ¢ (z).

If p(z) # 0 for |z| = r then

zp'
Y

2
de.

b 1 21
ra =52 wae@D|

To this end, we will try to prove some more identities related to |¢].

Proposition (2.1) [ First identity]

Let ¢@(z) beaholomorphicin D.If ¢(z) # 0in D, then

a !
r=lol(») = |<p(z)|sn<z ‘(’;gf) W

Proof.
Let 9(2) = u(r,0) + iv(r,0), z =re®. Then
lp|(z) =V u? + v2.

Differentiating ¢(z) with respect to r, fixing 8 then take limit along the ray where the argument is equal to 6.

o dp(re?) 1 .
Q (re‘e) =% - eﬁ(ur +iv,.).
Now,
0'(z) uur+vv, . uu — U,

z =r +ir ,
@ (z) u? + v? u? + v?

which implies to
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o' (2) uu, + vy,
|<p(z>|m<z ¢(2)>

VuZ +v?’
On the other side we have

uu, + vy,

d
"o 01O =T e

Finally, we obtain

d _ ¢'(2)
e lpl(2) = |<P(Z)|5R(Z m)l

Proposition (2.2) [ Second identity]

Let ¢(z) be a holomorphicin D.If ¢(z) # 0in D, then

)

a !
=5 lol(2) = —|<p(z)|s(z z (2)) .

o)
Proof.
Let 9(2) = u(r,8) + iv(r,0), z =re®. Then

lol(2) = Vu? + v2.

Differentiating ¢(z) with respect to 9, fixing r then take limit along the circle.

o dp(re 1 .
Now,
@'(z)  uug—vvy  —uuy — vy
o(z) = u?+v? v
which implies to
P )|“( <P'(Z)> —UlUg — VVy
2)|3| z = )
¢ »(2) vu? + v?

On the other side we have
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UlUg + VVg

0
20 lpl(2) = ek

Finally, we obtain

a !
55 1010 = -lois (2 25) m

Proposition (2.3) [ Third identity]

Let ¢(z) be a holomorphicin D.If ¢(z) # 0in D, then

2

z ¢'(2)
¢ (2)

a ! !
|<p(z)|m<z 4 (Z)> - |<p(z)|s(z 4 (Z)> = lp(2)| 3)

"or o(2) o (2)

Proof. As we stated earlier

z¢'(2)|* _ug’ + vy’

¢ (2) - VuZ ¥ v?’

I<p(Z)I|

Here, we shall to prove that

o o2 22) <ot (2 £0) M2

»(2) »(2) vu? + v?
As follows
w2vp? + r2ulu,, + vPup? + r2ulvv,,. + v vg? + r2 uviu,, + vug? + r¥vdu,,
(u? + v?)Vu? + v?
—u2vg? + 2uvuyvy — v? up? + udvy — vuluy + uv?vy — v3uy
(u? + v?)vu? + v?
Next,

—lp@)I3 (Z M) = —:—BW [_uua—vve]i[uuaﬂmg],

@(2) u24v? 20 | u?+v?

So,

2
|

z¢'(2)

®(2)

a r r
o 0@ 2 25) - lo@is (2 £5) =
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Now, we are ready to give proof for theorem (2.1) ( Hardy’s identity for I(r, ¢)) as follows:

Proof Theorem (2.1) ( Hardy’s identity for I(r, ¢)).

Choose ®@(t) = t = @(t)’ = 1 such that ¥(t) = t%[t] =t.

Put t = |@(z)|, multiplying both identities (1),(2) by r:—r:—e respectively.
()

r or
(3)

00

Adding equation (5) to (4) in order to obtain

2

C)

i) =raro@in( 2 £5),

@(z)

2

a I
ol =gl (:25) . ©

a\’ 9\ B ' (2) @
(r5-) 1ol +(55) |<p|(z)—|<p(z)|m(z —(p(z))—kp(z)w(z —¢(2)> 6)

Integrating (6) with respect to & when 0 < 8 < 2m and using identity (3).

1 (7 0y 1 (2mr9\°
= (3) |¢|(z)d0+§f0 (55) loleras

_L( ¢'(@) 1 9@
_Efo |<p(z)|§R(z (p(z)>d9—ﬁf0 |(p(Z)|J<Z w(z))de'

Finally,

r2[r 2 (& SEe@1 a6)] = 2 [T lee! |22 do.m

In the attempt to prove Hardy identity with respect to the mean value of the modulus of ¢ on the circle |z| =7 ;

we have been led to prove a good deal more. In particular, for the function I, (r, ¢)
1 (%= . .
L,(r,p) = o f |<p(re‘9) Pdo, z=re? 0<r<i,
0

where p is any positive number, to this end, we will try to prove some more identities related to |¢ |?.
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Theorem (2.2) [Hardy's identity for I,,(r, (p)]

Let ®(t) be a twice continuously differentiable function, ¥(¢t) = t%[td)(t)’(t)], 0<t<oo, letp(z) be a

holomorphic in the unit disk D and
1 2 : .
L(r,e) =— [ ®(lpre®)|P)ds, z=re, 0<r<1,
which is the integral means of the |@|?(z),where p is a positive number.
If ¢(2) # 0 for |z| = r then

0

1 2T Z(p'z
— 'l = — Py |——
ralr =52 [ waem [ o

To this end, we will try to prove some more identities related to |¢]?.
Proposition (2.4) [ Fourth identity].
Let ¢(2) be a holomorphicin D.If ¢(z) # 0 in D, then

<p’(Z)>. )

0
o e @ =ple@ |’”‘R<Z 0@

Proof.

Let 9(2) = u(r,0) + iv(r,0), z =re®. Then

p
2,

lplP(2) = W* +v?)

Differentiating ¢ (z) with respect to r, fixing 6 then take limit along the ray where the argument is equal to 6.

@' (ret?) = % = e%(ur +iv,.).
Now,
¢'(2) uu, + vV, Ul — vy,
0@ | wave e
which implies to
ple(2)[PR ( z ZI((ZZ))> =+ 02 (uu, +ow).
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On the other side we have
P
2

0 -1
U lo|P(2) = rp (W% + v¥)2"" (uu, + vv,).

Finally, we obtain

<p’(Z)>
.a

d
oy lelP(@) = plqo(Z)IpSR<z s

Proposition (2.5) [Fifth identity].

Let ¢(2) be a holomorphicin D.If ¢(z) # 0 in D, then

®)

o) = —|<p(z)|ps(z ""(Z)> .

¢(2)
Proof.

Let 9(2) = u(r,0) + iv(r,0), z =re®. Then

P
2,

lplP(2) = W +v?)
Differentiating ¢ (z) with respect to 8, fixing r then take limit along the circle.

. dp(ret 1
@' (ret?) = —(p(ae ) = eﬁ(ua + ivg).

Now,

, 9'(z) ruug — vy .z Ullyg — Vg
p(2) u? +v? u? +v?

’

which implies to

pIq)(z)I”S(z Mz)) o

0 )~ —p(u? + v2)2 ™! (uug — vvy),

On the other side we have

4 2 292-1
30 lplP(2) = p(u” +v*)2" " (uug — vvy).

Finally, we obtain
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2 B of 0@
ET lpl|?(2) = —pl<p(Z)|’”J<z <p(z)>"

Proposition (2.5) [Sixth identity].

Let ¢(2) be a holomorphicin D.If ¢(z) # 0 in D, then

! ’ 2
> - p|(p(z)|?’3<z Z((ZZ))) = p2|p(2)|P z ¢'(z)

@(z)

; @' (2)
@(2)

)

0
W lo(2)[PR (

Proof. As we stated earlier

2

z0'(z
Al p2(u? + v2)s " (1p? + vp2).

@(z)

p*le@)P

Here, we shall to prove that

@' (2)
¢(2)

@' (2)
¢(2)

0 P
W |¢(Z)Ip9fi<z ) —ple@I°3 ( z ) =p*W? +v*)2 " (ug® + g%,

As follows

¢'(2) b_

T i| @DPR z —=) =1 [ir(u2+v2)z b (uu, + v )]
par (p (p(z) - p 61’ T T

P P
=r2p? + v?)2 'W,? + uy, + 0,2 + vy, + rpuu, + vu) (W2 4+ v?)z2 7t
2, (P2 2 28-2
+r°p (T) (uu, + vv,)(u? + v4)z “Quu, + 2vv,.).
Now, we have to be careful in order to make a little bit change between each of
u(r, 8),v(r,08) through applying Cauchy -Riemann equations ( in polar coordinats)
1 1

U, = ;179 y U = —;ug,

as follows

a I
= |<p(z)|vsn(z ‘fpg)

2 4 2\P-10 2 2 24 201
=p?® +v%)z2 " (vg* + ruvyg —uvg + ug® —rvug + vug) + p(uvg — vug)(u® + v*)z2

+plp—2)W? + vz)g_z(uvg — vug)?.
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Similarly, we can calculate —|¢ (2)|3 ( £ (( ))) as well

of ¥ @
—ple2)|3 ( z (p(z)>

= p(u? +v) Yug? + v52) + p?(uug + vvy)?(u? +v) -2

— 2p(uug + vvg)*(u? + vz)?_z.

So,

9] ! ! P
i~ |<p(z)|vsn(z ‘fpg;) ~plo(I ( z Z((ZZD = p2(u? +v?) " (v + ug?)

a @' (2) ¢’ (2) 2 z¢'(z) z
— p = p| =2
1P 5 (2] 9‘{( ()) plqo(Z)IJ( (Z)) Ple(2)] | e

Proof Theorem (2.2) ( Hardy’s identity for I, (r, ¢)).
Choose ®(t) = t” = ®(t)’ = pt?~" such that W(¢) = t = [pt?] = p?¢?.

Put t? = |p(2)|P, multiplying both identities (7),(8) by r%,;—g respectively.

2

i} 0 ¢'(2)
() I<pIP(Z)=pr§I<p(Z)I’”9%<Z . Z)). (10)
d 2 ’
(36) |<p|v(z>——p69|<p(z>|m( ‘;(ZZ)). (11)
Adding equation (11) to (10) in order to obtain
9 2 Kl 2 ’
(r52) tor@+ (35) 0@ =prsio@en( 2 £5) -piors( £2) a2

Integrating (12) with respect to & when 0 < 6 < 2m and using identity (9).

% 02"( ) |<p|p(z)d0+—f |<,,|p(z)d9

L 0'(2) 2 o'
‘Efo |<p(z>|vm(z(pz)>de——f |<p(z>|u( (z>>d9'

Finally,

r 2 [r2(E 0@ a6)] = 2 [FlpP | 22| ao.m
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